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Preface 

You are now keeping in your hands this new book of elementary inequalities. "Yet 

another book of inequalities?" We hear you asking, and you may be right. Speaking 

with the author's words: 

" Myriads of inequalities and inequality techniques appear nowadays in books and 

contests. Trying to learn all of them by heart is hopeless and useless. Alternatively, this 

books objective is to help you understand how inequalities work and how you can set 

up your own techniques on the spot, not just remember the ones you already learned. 

To get such a pragmatic mastery of inequalities, you surely need a comprehensive 

knowledge of basic inequalities at first . The goal of the first part of the book (chapters 

1-8) is to lay down the foundations you will need in the second part (chapter g), 

where solving problems will give you some practice. It is important to try and solve 

the problems by yourself as hard as you can, since only practice will develop your 

understanding, especially the problems in the second part. On that note, this books 

objective is not to present beautiful solutions to the problems, but to present such a 

variety of problems and techniques that will give you the best kind of practice." 

It is true that there are very many books on inequalities and you have all the right 

to be bored and tired of them. But we tell you that this is not the case with this one. 

Just read the proof of Nesbitt's Inequality in the very beginning of the material, and 

you will understand exactly what we mean. 

Now that you read it you should trust us that you will find III this book new 

and beautiful proofs for old inequalities and this alone can be a good reason to read 

it, or even just to take a quick look at it. You will find a first chapter dedicated to 

the classical inequalities: from AM-GM and Cauchy-Schwartz inequalities to the use 

of derivatives, to Chebyshev'S and rearrangements' inequalities, you will find here 

the most important and beautiful stuff related to these classical topics. And then 

you have spectacular topics: you have symmetric inequalities, and inequalities with 
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6 Preface -

convex functions and even a less known method of balancing coefficients. And the 

author would add 

" You may think they are too simple to have a serious review. However, I emphasize 

that this review is essential in any inequalities book. Why? Because they make at 

least half of what you need to know in the realm of inequalities. Furthermore, really 

understanding them at a deep level is not easy at all. Again, this is the goal of the .. 
first part of the book, and it is the foremost goal of this book." 

Every topic is described through various and numerous examples taken from many 

sources, especially from math contests around the world, from recent contests and 
~ 

recent books, or from (more or less) specialized sites on the Internet, which makes the 

book very lively and interesting to read for those who are involved in such activities, 

students and teachers from all over the world . 

The author seems to be very interested in creating new inequalities: this may be 

seen in the whole presentation of the material, but mostly in the special chapter 2 

(dedicated to this topic), or, again, in the end of the book. Every step in every proof 

is explained in such a manner that it seems very natural to think of; this also comes 

from the author's longing for. a deep understanding of inequalities, longing that he 

passes on to the reader. Many exercises are left for those who are interested and, as a 

real professional solver, the author always advises us to try to find our own solution 

first, and only then rearl his one. 

We will finish this introduction with the words of the author: 

"Don't let the problems overwhelm you, though they are quite impressive prob

lems, study applications of the first five basic inequalities mentioned above, plus the 

Abel formula, symmetric inequalities and the derivative method. Now relax with the 

AM-GM inequality - the foundational brick of inequalities." 

Mircea Lascu, Marian Tetiva 
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Abbreviations and Notations 

Abbreviations 

IMO 

TST 

APMO 

MO 

MYM 

VMEO 

LHS, RHS 

W.L.O.G 

International Mathematical Olympiad 

Selection Test for 1M 0 

Asian Pacific .Nlathematical Olympiad 

National Mathematical Olympiad 

Mathematics and Youth Vietnamese Magazine 

The contest of the website www.diendantoanhoc.net 

Left hand side, Right hand side 

Without loss of generality 

Notations 

N* 

The set of natural numbers 

The set of natural numbers except 0 

The set of integers 

The set of positive integers 

The set of rational numbers 

The set of real numbers 

The set of positive real numbers 
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Chapter 1 

AM-GM Inequality 

1.1 AM-GM Inequality and Applications 

Theorem 1 (AM-GM inequality). For all positive real numbers aI, a2, ... , an, the 

following inequality holds 

Equality occurs if and only if al = a2 = ... = an· 

PROOF. The inequality is clearly true for n = 2. If it is true for n numbers, it will be 

true for 2n numbers because 

Thus the inequality is true for every number n that is an exponent of 2. Suppose that 

the inequality is true for n numbers. We then choose 

s 
an = -- ; s = al + a2 + ... + an-l 

n-1 

According to the inductive hypothesis, we get 

s Vala2 .. ~an-l . s s + -- ~ n n :::} S ~ (n - 1) n-~ala2 ... an-l. 
n-1 n-1 

Therefore if the inequality is true for n numbers, it will be true for n - 1 numbers . 

By induction (Cauchy induction), the inequality is true for every natural number n. 

Equality occurs if and only if al = a2 = ... = an. 

v 
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16 Chapter 1. The basic Inequalities -

As a matter of fact, the AM-GM inequality is the most famous and wide-applied 

theorem. It is also indispensable in proving inequalities. Consider its strong applica

tions through the following famous inequalities. 

Proposition 1 (Nesbitt's inequality). (a). Prove that for all non-negative real num

bers a, b, c, 
abc 3 --+--+-->-. 

b+c c+a a+b - 2 

(b). Prove that for all non-negative real numbers a, b, c, d, 

abc d -- + -- + -- + -- > 2. 
b+c c+d d+a a+b-

PROOF. (a) . Consider the following expressions 

abc 
S=--+--+--

b+c c+a a+b' 
b c a 

M=--+--+-- . 
b+c c+a a+b' 
cab 

N=--+--+-- . 
b+c c+a a+b' 

We have of course M + N = 3. According to AM-GM, we get 

a+b b+c c+a 
M+S=--+--+-->3 ' 

b+c c+a a+b-

N+S= a+c+a+b + b+c >3-
b+c c+a a+b - , 

3 
Therefore M + N + 2S 23, and 2S 2 3, or S 2 2 

(b). Consider the following expressions 

abc d 
S=--+--+--+-- . 

b+c c+d d+a a+b' 
b c d a 

M=--+--+--+-- . 
b+c c+d d+a a+b' 

c dab 
N=--+--+--+-_· 

b+c c+d d+a a+b' 

We have M + N = 4. According to AM-GM, we get 

M+S a+b b+c c+d d+a 
= b+c + c+d + d+a + a+b 24; 

N+S_a+c b+d a+c b+d 
-b+c+c+d+d+a+a+b 

a+c a+c b+d b+d 
=b+c+a+d+c+d+a+b 

> 4(a + c) + 4(b + d) = 4 . 
-a+b+c+d a+b+c+d ' 



1.0. AM-GM inequality 
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Therefore M + N + 2S 2: 8, and S 2: 2. The equality holds if a 

a = e, b = d = 0 or a = e = 0, b = d. 

v 
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b e = d or 

Proposition 2 (Weighted AM-GM inequality). Suppose that aI, a2, ... , an are positive 

real numbers. If n non-negative real numbers Xl, X2, ... , Xn have sum 1 then 

SOLUTION. The proof of this inequality is entirely similar to the one for the classical 

AM-GM inequality. However, in the case n = 2, we need a more detailed proof 

(because the inequality is posed for real exponents). We have to prove that if X, y 2: 
0, X + y = 1 and a, b > 0 then 

The most simple way to solve this one is to consider it for rational numbers x, y, 
m 

then take a limit. Certainly, if x, yare rational numbers : X = and y = 
m+n 

n 
(m, n EN), the problem is true according to AM-GM inequality 

m+n' 

If x, yare real numbers, there exist two sequences of rational numbers (rn)n~o and 

(sn)n~O for which rn --+ X, Sn --+ y, rn + Sn = 1. Certainly 

or 

Taking the limit when n --+ +00, we have ax + by 2: aX bY. 

v 

The AM-GM inequality is very simple; however, it plays a major part in many in

equalities in Mathematics Contests. Some examples follow to help you get acquainted 

with this important inequality_ 

Example 1.1.1. Let a, b, e be positive real numbers with sum 3. Prove that 

Va + Vb + Vc 2: ab + be + ca. 



18 Chapter 1. The basic Inequalities -

(Russia M 0 2004) 

SOLUTION. Notice that 

The inequality is then equivalent to 

2: a2 + 2L Va 29, 
eye eye 

which is true by AM-GM because 

eye eye eye eye 

v 

Example 1.1.2. Let x, y, z be positive real numbers such that xyz = 1. Prove that 

~ ~ ~ 3 ...,.------,--- + + > -. 
(1 + y)(1 + z) (1 + z)(1 + x) (1 + x)(1 + y) - 4 

(IMO Shortlist 1998) 

SOLUTION. We use AM-GM in the following form : 

We conclude that 

x 3 1 + y 1 + z 3x 
(1 + y)(1 + z) + -8- + -8- ~ 4· 

~ x 3 1~ ~3x 
L (1 + y)(1 + z) + 4" L(1 + x) ~ L 4 
eye eye eye 

x 3 1 3 
=} ~ > - ~(2x - 1) > -

L (1 + y)(1 + z) - 4 L - 4· 
eye eye 

The equality holds for x = y = z = 1. 

v 

Example 1.1.3. Let a, b, c be positive real numbers. Prove that 

( 1 + ~) (1 + ~) (1 + .:.) ~ 2 + 2( x + y + z) . 
y z x <jxyz 

(APMO 1998) 



1.0. AM-GM inequality 

SOLUTION. Certainly, the problem follows the inequality 

x y Z x+y+z 
-+-+->-~-
y Z x - {jxyz ' 

which is true by AM-GM because 

19 

3 (~ + ~ + .:.) = (2X + ~) + (2Y + .:.) + (2Z +~) > ~ + ~ + ~. 
y z x y z z x x y - ~xyz ~xyz <)xyz 

V 

Example 1.1.4. Let a, b, e, d be positive real numbers. Prove that 

16(abe + bed + eda + dab) ~ (a + b + e + d)4. 

SOLUTION. Applying AM-GM for two numbers, we obtain 

16(abe + bed + eda + dab) = 16ab(e + d) + 16ed(a + b) 

~ 4(a + b)2(e+ d) + 4(e+ d)2(a + b) 

= 4( a + b + e + d) (a + b) ( e + d) 

~ (a + b + e + d)3. 

The equality holds for a = b = e = d. 

V 

Example 1.1.5. Suppose that a, b, e are three side-lengths of a triangle with perimeter 

3. Prove thai • 

1 1 1 > 9 
J a + b - c + Jb + e - a + J c + a - b - ab + be + ca 

(Pham Kim Hung) 

SOLUTION. Let x = Jb + e- a,y = Je+ a - b,z = Ja + b - e. We get x 2+y2+z2 = 

3. The inequality becomes 

1 1 1 36 -+-+-> . 
x Y Z - 9 + x 2y2 + y2 z2 + z2x 2 

Let m = xy, n = yZ,p = zx. The inequality above is equivalent to 

which is obvious by AM-GM because 

V 



20 Chapter 1. The basic Inequalities -

Example 1.1.6. Let a1,a2, ... ,an be positive real numbers such that ai E [O,i] for all 

i E {I, 2, ... , n}. Prove that 

(Phan Thanh Nam) 

SOLUTION. According to AM-GM, 

Multiplying these results for every k E {I,2, ... , n}, we obtain 

n n ( k (k + 1) k 2i ) g (a1 + a2 + ... + ak) 2 g 2 g (~i) 1C[I<+i) 

=n!(n+I)!rr
Tl 

(ai)Ci 
2n 

0 i ' 
1=1 

in which each exponent Ci is determined from 

Ci = 2i + + ... + = 2i - - -- < 2. ( 
I I I ) (1 1) 

i(i+I) (i+I)(i+2) n(n+l) i n+I -

(
aO)C; (ao)2 Because ai ~ i Vi E {I, 2, ... , n}, T 2 T and 

The equality holds for ai = i Vi E {I, 2, ... , n}. 

v 

Example 1.1.7. Let a, b, c be positive real numbers. Prove that 

I 1 1 1 ----,,----- + + < -. 
a3 + b3 + abc b3 + c3 + abc c3 + a 3 + abc - abc 

(USA MO 1998) 

SOLUTION. Notice that a 3 + b3 2 ab(a + b), so 

abc < abc c 
a 3 + b3 + c3 - ab(a + b) + abc a + b + c· 

• 
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Building up two similar inequalities and adding up all of them, we have the conclusion 

abc abc abc --:---::---- + + < l. 
a 3 + b3 + abc b3 + c3 + abc c3 + a 3 + abc -

Comment. Here is a similar problem from IMO Shortlist 1996: 

* Consider three positive real numbers x, y, z whose product is 1. Prove that 

xy + yz + zx < l. 
X5 + xy + y5 y5 + yz + Z5 Z5 + ZX + X5 -

Example 1.1.8. Prove that XIX2 ... Xn ? (n _1)n if Xl, X2, ... , Xn > 0 satisfy 

1 1 1 --+ + ... + =1. 
1 + Xl 1 + X2 1 + Xn 

SOLUTION. The condition implies that 

111 --+ + ... +---
I+XI l+x2 I+Xn-l 

Using AM-GM inequality for all terms on the left hand side, we obtain 

n-l 

1 +xn 
> --~====~====~7======7 

n-{/(1 + xd(1 + x2) ... (1 + xn-d 

Constructing n such relations for each term Xl, X2, ... , Xn-l, Xn and multiplying all 

their correlative sides, we get the desired result. 

Example 1.1.9. Suppose that X, y, z are positive real numbers and X5 + y5 + Z5 = 3. 

Prove that 

SOLUTION. Notice that 

This form suggests the AM-GM inequality in the following form 

X4 0 100 

10· 3" + 6X5 y 5 + 3Xl ? 19x19. 
y 

Setting up similar cyclic results and adding up all of them, we have 
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It suffices to prove that 

100 100 100 5 5 5 X19 +y19 +Z19 2 x +y +z 

which is obviously true because 

'" 100 '" 100 '" 5 3 + 19 ~X19 = ~(1 + 19xT,r ) 2 20 ~x . 
eye eye eye 

Example 1.1.10. Let a, b, c be positive real numbers such that abc = 1. Prove that 

Va + b Vb + eVe + a > 3. 
a+1+ b+l+ c+1-

(Mathlinks Contest) 

SOLUTION. After applying AM-GM for the three terms on the left hand side expres

sion, we only need to prove that 

(a + b)(b + c)(c + a) > (a + l)(b + l)(c + 1), 

or equivalent by (because abc = 1) 

abe a ~ - b) + be( b + c) + ca( c + a) 2 Q + b + c + ab + be + ca. 

According to AM-GM, 

eye eye eye 

eye eye eye 

Therefore 

4LHS+2Lab+ La 2 5Lab+4 Lab 
eye eye eye eye 

=:} 4LHS > 4 La + 4 Lab = 4RHS. 
eye eye 

This ends the proof. Equality holds for a = b = c = 1. 

Example 1.1.11. Let a, b, c be the side-lengths of a triangle. Prove that 
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SOLUTION. Applying the weighted AM-GM inequality, we conclude that 

< 1 (a + b - ebb + e - a e + a - b) 
a' + . -I- e· = l. 

-a+b+e abe 

In other words, we have 

Equality holds if and only if a = b = e . 

• 
Example 1.1.12. Let a, b, e be non-negative real numbers with sum 2. Prove that 

SOLUTION. We certainly have 

eye eye eye 

Applying AM-GM, and using a2 + b2 + e2 + 2(ab -I- be + 00) = 4, we deduce that 

This property leads to the desired result immediately. Equality holds for a = b = 

1, e = 0 up to permutation. 

Example 1.1.13. Let a, b, e, d be positive real numbers. Prove that 

1 1 1 1 4 
-,,----1- -I- + > . 
a 2 -I- ab b2 -I- be e2 -I- cd d2 + da - ae + bd 

SOLUTION. Notice that 

ae + bd = a 2 + ab -I- ae + bd _ 1 = a(a + e) + b(d + a) -1 = a -I- e -I- b(d + a) _ 1. 
a 2 -I- ab a (a + b) a (a + b) a -I- b a (a -I- d) 

According to AM-GM inequality, we get that 

ae -I- bd (~ 1 ) = (~a -I- e) + (~ b(d + a)) _ 4 > ~ a -I- e. 
( ) ~ a2 +ab ~ a+b ~ a(a+d) - ~ a+b 
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Moreover, 

""a+c (1 1) (1 1) 
L...,. a + b = (a + c) a + b + c + d + (b + d) b + c + d + a 
eye 

> 4(a+c) + 4(b+d) =4. 
- a+b+c+d a+b+c+d 

Equality holds for a = b = c = d . 

Example 1.1.14. Let a, b, c, d, e be non-negative real numbers such that a + b + c + 
d + e = 5. Prove that 

abc + bed + ede + dea + eab :5: 5. 

SOLUTION. Without loss of generality, we may assume that e 

According to AM-G M, we have 

abc + bed + cde + dea + eab = e(a + c)(b + d) + bc(a + d - e) 

min(a, b, c, d, e) . 

< e ( a + c; b+ d)' + (b+ C + ~ + d -e )' 
e(5 - e)2 (5 - 2e)3 

= 4 + 27 

It suffices to prove that 

e(5 - e)2 (5 - 2e)3 
--!--4-':~ + 27 :5: 5 

which can be reduced to (e - 1)2(e + 8) 2:: o. 

Example 1.1.15. Let a, b, c,d be positive real numbers. Prove that 

(1 1 1 1) 2 1 4 9 16 -+-+-+- >-+ + + . 
abc d - a2 a2 + b2 a2 + b2 + c2 a2 + b2 + c2 + d2 

(Pham Kim Hung) 

SOLUTION. We have to prove that 

1 1 1 2 4 9 16 -+-+-+""-> + + . b2 c2 d2 L...,.ab -a2 +b2 a2 +b2 +c2 a2 +b2 +c2 +d2 
sym 
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By AM-GM, we have 

2 4 
- > --:::----""7 
ab - a2 -I- b2 

2 2 8 8 - + - > > ---:::---::--~ 
ac bc - ac -I- bc - a2 -I- b2 + c2 

1 1 4 1 --1--> > . 
b2 c2 - b2 + c2 - b2 + c2 + a 2 ' 

2 2 2 18 16 -+-+-> >--:::--..."...----::--~ 
ad bd cd - ad + bd + cd - a 2 -I- b2 + c2 -I- d2 

Adding up these results, we get the conclusion immediately. 

Comment. 1. By a similar approach, we can prove the similar inequality for five 

numbers. To do this, one needs: 

a2-1-b2-1-c2+d2+e2 = (a
2 

-I- :) -I- (b
2 + :) -I- (c

2 + :)-1- (d
2 

-I- :) ~ ad-l-bd-l-cd-l-ed. 

2. The proof above shows the stronger inequality: 

* 

3. I conjectured the following inequality 

* Let a}, a2, ... , an be positive real numbers. Prove or disprove that 

Example 1.1.16. Determine the least M for which the inequality 

holds for all real numbers a, band c. 

(IMO 2006, A3) 

SOLUTION. Denote x = a - b, y = b - c, z = c - a and s = a + b + c. Rewrite the 

inequality in the following form 

in which s, x, y, z are arbitrary real numbers with x -I- y + z = o. 
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The fact that s is an independent variable suggests constructing a relationship between 

xyz and x2 + y2 + z2 at first. There are two numbers, say x and y, with the same 

sign. Assume that x, y ~ 0 (the case x, y ~ 0 is proved similarly). By AM-GM, we 

have 
(x + y)3 

Isxyzl = Isxy(x + y)1 ~ lsi' 4 (1) 

with equality for x = y. Let t = x + y. Applying AM-GM again, we get 

and therefore 

4J2lslt3~ (s2+~t2)2 ~(s2+x2+y2+z2)2 (2) 

Combining (1) and (2), we conclude 

1 
Isxyzl < __ (s2 + x2 + y2 + z2)2. 

- 16J2 

gJ2 gJ2 . 
This implies that M ~ 32' To show that M = 32 18 the best constant, we 

need to find (s, x, y, z), or in other words, (a, b, c), for which equality holds. A simple 

calculation gives (a, b, c) = (1 - Jz, 1, 1 + ~). 

V' 

The most important principle when we use AM-GM is to choose the suitable 

coefficients such that equality can happen. For instance, in example 1.1.2, using AM

GM inequality in the following form is a common mistake (because the equality can 

not hold) 
x 3 

(1 + y)(l + z) + (y + 1) + (z + 1) ~ 3x. 

It's hard to give a fixed form of AM-GM for every problem. You depend on your 

own intuition but it's also helpful to look for the equality case. For example, in the 

above problem, guessing that the equality holds for x = y = z = 1, we will choose the 

coefficient ~ in order to make the terms equal 

x 3 Y + 1 ;+1 3x 
(1 + y)(l + z) + -8- + -8- ~ 4' 

For problems where the equality holds for variables that are equal to each other, 

it seems quite easy to make couples before we use AM-GM. For non-symmetric 
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problems, this method sometimes requires a bit of flexibility (see agam examples 

1.1.13,1.1.14 and 1.1.16). Sometimes you need to make a system of equations and solve 

it in order to find when equality Uolds (this method, called "balancing coefficients", 

will be discussed in part 6). 

1.2 The Cauchy Reverse Technique 

In the following section, we will connect AM-GM to a particular technique, called 

the Cauchy reverse technique. The unexpected simplicity but great effectiveness are 

special advantages of this technique. Warm up with the following example. 

Example 1.2.1. Let a, b, c be positive real numbers with sum 3. Prove that 

abc 3 --+ + >-1+b2 1+c2 1+a2 -2' 

(Bulgaria TST 2003) 

SOLUTION. In fact, it's impossible to use AM-GM for the denominators because the 

sign will be reversed 

abc <!:.. .!!..- ~ > ~ ?I 
1 + b2 + 1 + c2 + 1 + a2 - 2b + 2c + 2a - 2 .. 

However, we can use the same application in another appearance 

a ab2 ab2 ab 
--=a--- >a-- =a--. 
1 + b2 1 + b2 - 2b 2 

The inequality becomes 

"" _a_ > "" a - ~ "" ab > ~ L.t 1 + b2 - L.t 2 L.t - 2' 
eye eye eye 

since 3 (2: ab) ~ (1: a) 2 = 9. 

This ends the proof. Equality holds for a = b = c = 1. 

Comment. A similar method proves the following result 

* Suppose that a, b, c, d are four positive real numbers with sum 4. Prove that 

a _b_ c d >2 
1 + b2 + 1 + c2 + 1 + d2 + 1 + a2 - • 

V' 

This solution seems to be magic: two apparently similar approachs of applying 

AM-GM bring about two different solutions; one is incorrect but one is correct, 
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So, where does this magic occur? Amazingly enough, it all comes from a simple 

representation of a fraction as a difference 

a ab2 

---a---
1 + b2 - 1 + b2 ' 

With the minus sign before the new fraction 1 ~2b2' we can use AM-GM inequal

ity in the denominator 1 + b2 freely but we get the correct sign. This is the key feature 

of this impressive technique: you change a singular expression into a difference of two 

expressions, then estimate the second expression of this difference, which has a minus 

sign. 

Example 1.2.2. Suppose that a, b, c, d are four positive real numbers with sum 4. 

Prove that 
abc d 

1 + b2c + 1 + c2d + 1 + d2a + 1 + a2b ~ 2. 

(Pham Kim Hung) 
• 

SOLUTION. According to AM-GM, we deduce that 

a ab2c ab2c abVC 
----::,-=a- >a---=a---
1 + b2c 1 + b2c - 2bVC 2 

b..;a.ac b(a + ac) 
=a - 2 > a - ---.0...-

4
--'-, 

According to this estimation, 

, a > '"" a - ~ '"" ab - ~ '" abc 
~ 1 + b2c - ~ 4 ~ 4 ~ 
eye eye eye eye 

By AM-GM inequality again, it's easy to refer that 

L ab ~ ~ (2: a) 2 = 4 
eye eye 

2: abc ~ 116 (2: a) 3 = 4. 
eye eye 

Therefore 

abc d 
1 + b2c + 1 + c2d + 1 + d2a + 1 + a2b ~ a + b + c + d - 2 = 2. 

Example 1.2.3. Let a, b, c be positive real numbers. Prove that 

a 3 b3 c3 d3 a + b + c + d 
a 2 + b2 + b2 + c2 + c2 + d2 + d2 + a 2 ~ 2 . 
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SOLUTION. We use the following estimation 

Comment. Here is a similar result for four variables 

a 4 b4 c4 d4 a + b + c + d 

a 3 + 2b3 + b3 + 2c3 + c3 + 2d3 + d3 + 2a3 ~ 3 

Example 1.2.4. Let a, b, c be positive real numbers with sum 3. Prove that 

a 2 b2 c2 

--~+ + >l. 
a + 2b2 b + 2c2 C + 2a 2 

SOLUTION. We use the following estimation according to AM-GM 

a 2 2ab2 2ab2 2(ab)2/3 --...". = a - > a - = a - ---'---'--
a + 2b2 a + 2b2 - 3 ?I ab4 3' 

which implies that 

It :slIlfiiices to pli!DMe IthaJt 

:By AM-GJ~, we have the :dlel>iFedl result'srince 

OIDmmem" ''[lro.e iiJneq1llaliity u, :stillitrue rWmen i\V'e ,dRaIIg€ tJhe IkYPGthes:is 'a + rtJ + :c= :B 

ItID 'ab +bc + em, .= S or e;velll. ~+~lb + ..JC= ,3. :~the :s:eCQlilrl ·case ,iIs :a Mt 1l1ll(J)rediifliiollll t;).. 

These priIDble:nns .are pFcposedi. to you; Itll€y Mliilllll!Dt !be :sl:illved ller€. 

$<DLUlll<DN'. UJsimg the:samne tedmix!1ue as lin €iXann:PJ.e 11. .2..4, we omly Ineed Ito pu1tJ)Me Itlhat 
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According to AM-GM, we obtain 

eye eye eye eye eye 

and the desired result follows. Equality holds for a = b = c = 1. 

Example 1.2.6. Let a, b, c be positive real numbers which sum up to 3. Prove that 

a+l b+l c+l >3 
b2 + 1 + c2 + 1 + a 2 + 1 - . 

SOLUTION. We use the following estimation 

a + 1 b2 (a + 1) b2 (a + 1) ab + b 
b2 + 1 = a + 1 - b2 + 1 ~ a + 1 - 2b = a + 1 - 2 . 

Summing up the similar results for a, b, c, we deduce that 

Comment,. Here ,are ,some problems for Jour vMiiables with the ,same ,~ppOOJraliloe 

II'), + 1 ,~ 11- 1 c 4- 1 il11- n , *- v +-_.*- >4.. 
b2 + n.. ,c....l + 1 c12 + 11 ,u2 +l- 1 -

'* ,Le.t !a, ib",c, d ,be ,f(l(Ur positive I7rea.~ nU7inber's wit'h, 'S'I.Ill1l. 4.IPrcve .that 

1 1 1 1 
--,,--- 11- . -H- + .> '2. 
'u2 #- n Ib£ + 11 I~ + 11 .(/2 *- 0. -

~ 

IEnwmjplle 'U. ,.:2~:r. ,Let 'a, 'b.,IC 'be rpositive rrreo:L 'numbers rwirfJhsfU1'l't 3. IPro(l.Je t'hVJl 

111 
'1 r 'b2 + rI) ,n 11- "l.. > '11. I + :~ ,C I-H-·;<:.c""a n.. *- 21f1;""1} ,-

S0L'U'IlIIDN. We Illlse Itlro.e If01JlOv.~ing :esti.nnatdron 

11 = 11- 2b2
,c > n.. _ 2'~ > 1 _ ,2 (2w -It- c~ 

1 11-- 2b2,c 1 + ,2b2, c - :3 - '9 

'~ 

lE:e.cam:ple [":2.8,, Let 1a.~lb" c, ,d 'be ,noo..J'[I.eg,ativ.e meo:Lnum'ber:s (with ,BlUm 4. if'mve t'h,OJi, 

11 1+- ~b I1t-- .hc 1 +,cd il + da. ---::--::- + + + > 4 
1 +lb2i 2 1+,c2d2 '1 +,cP'u2 I-H-,a,2~2 - . 
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(Ph am Kim Hung) 

SOLUTION. Applying AM-GM, we have 

1 + ab (1 + ab)b2e2 1 
1 + b2e2 = (1 + ab) - 1 + b2e2 ;::: 1 + ab - "2(1 + ab)be. 

Summing up similar results, we get 

It remains to prove that 

ab + be + cd + 00 >ab2e + be2d + cd2a + oo2b. 

Applying the familiar result xy + yz + zt + tx ~ ~(x + y + z + t)2, we refer that 

(ab + be + cd + 00)2 ;::: 4(ab2e + be2d + cd2a + da2b); 

16 = (a + b + e + d) 2 
;::: 4( ab + be + cd + da). 

Multiplying the above inequalities, we get the desired result. The equality holds for 

a = b = e = d = 1 or a = e = 0 (b,d arbitrary) or b = d = 0 (a,e arbitrary). 

v 

Example 1.2.9. Let a, b, e be positive real numbers satisfying a2 + b2 + e2 = 3. Prove 

that 
1 _1_ 1 > 1 

a 3 + 2 + b3 + 2 + e3 + 2 - . 

(Pham Kim Hung) 

SOLUTION. According to AM-GM, we obtain 

v 





Chapter 2 

Cauchy-Schwarz and Holder 

inequalities 

2.1 Cauchy-Schwarz inequality and Applications 

Theorem 2 (Cauchy-Schwarz inequality). Let (aI, a2, ... , an) and (bl , b2, """' bn) be 

two sequences of red numbers. We have 

The equality holds if and only if (al,a2, ... ,an) and (b lo b2, ...• bn) are proportional 

(there is a real number k for which ai = kbi for all i E {1,2, ... ,n}). 

PROOF. I will give popular solutions to this theorem. 

First solution. (using quadratic form) Consider the following function 

which is rewritten as 

Since f(x) 2: 0 \:Ix E~, we must have !::.., SO or 

The equality holds if the equation f(x) = 0 has at least one root, or in other words 

(al,a2, ... ,an) and (b l .b2, ... ,bn) are proportional. 

• 33 
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Second solution. (using an identity) The following identity is called Cauchy

Schwarz expansion. It helps prove Cauchy-Schwarz inequality immediately 

n 

(at +a~ + ... + a~)(bt + b~ + ... + b~) - (alb l +a2b2 + ... + anbn)2 = L (aibj - aj b.i )2. 
i,j=l 

Third solution. (using AM-GM) This proof is used to prove HOlder inequality as 

well. Notice that, according to AM-GM inequality, we have 

a2 b2 
~ __ ~~t~ __ ~+ l 

at + a~ + ... + a~ bt + b~ + ... + b~ 
> 21 a ibil 
- J(ai +a~ + ... + a~)(b~ + b~ + ... + b~) 

Let i run from 1 to n and sum up all of these estimations. We get the conclusion. 

Which is basic inequality? The common answer is AM-GM. But what is the most 

original of the basic inequalities? I incline to answer Cauchy-Schwarz inequality. 

Why? Because Cauchy-Schwartz is so effective in proving symmetric inequalities, 

especially inequalities in three variables. It often provides pretty solutions as well. 

The following corollaries can contribute to the many applications it has. 

Corollary 1. (Schwarz inequality). For any two sequences of real numbers 

(aI,a2, ... ,an) and (b 1 ,b2, ... ,bn ), (bi > 0 Vi E {1,2, ... ,n}), we have 

a~ a~ a~ > (al + a2 + ... + an)2 
-b +-b +"'+--b - b..J.. b' 

1 2 n 1 +"tI2 + ... + n 

SOLUTION. This result is directly obtained from Cauchy-Schwarz. 

Corollary 2. For every two sequences of real numbers (al, a2, ... , an) and 

(bl ,b2, ... ,bn), we always have 

PROOF. By a simple induction, it suffices to prove the problem in the case n = 2. In 

this case, the inequality becomes 
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Squaring and reducing similar term, it simply becomes Cauchy-Schwarz 

Certainly, the equality occurs iff (ab a2, ... , an) and (b1 , b2, ... , bn ) are proportional. 

v 

Corollary 3. For any sequence of real numbers al,a2, ... ,an we have 
• 

PROOF. Use Cauchy-Schwarz for the following sequences of n terms 

v 

If applying AM-GM inequality is reduced to gathering equal terms, (in the 

analysis of the equality case) the Cauchy-Schwarz inequality is somewhat more 

flexible and generous. The following problems are essential and necessary because 

they include a lot of different ways of applying Cauchy-Schwarz accurately and 

effectively. 

Example 2.1.1. Let a, b, c be non-negative real numbers. Prove that 

a2 - be b2 - ca c2 - ab 
2a2 + b2 + c2 + 2b2 + c2 + a2 + 2c2 + a2 + b2 2:: o. 

(Pham Kim Hung) 

SOLUTION. The inequality is equivalent to 

According to Cauchy-Schwarz inequality, we have 

(a + b)2 a2 b2 
~-=-:-;:--'--~ < + ---. 
a2 + b2 + 2c2 - a2 + c2 b2 + c2 

That concludes 

Equality holds for a = b = c and a = b, c = 0 or its permutations. 

v 
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1 1 1 
Example 2.1.2. Suppose that x, y, z ~ 1 and - + - + - = 2. Prove that 

x y z 

.jx + y + z ~ Vx-=1 + .JY=l + Jz"=1. 

SOLUTION. By hypothesis, we obtain 

x-I y-l z-l --+--+--=1. x y z 

According to Cauchy-Schwarz, we have 

(Iran MO 1998) 

LX = (Lx) (Lx:l) ~ (LVx-=1)2, 
eye eye eye eye 

which implies 

.jx + y + z ~ Vx-=1 + .JY=l + Jz"=1. 

v 

Example 2.1.3. Let a, b, c be positive real numbers. Prove that 

a 3 b3 c3 

---=---:---- + + > 1. 
a 3 + b3 + abc b3 + c3 + abc c3 + a3 + abc -

(Nguyen Van Thach) 

b c a 
SOLUTION. Let x = -,y = -b and z = -. Then we have 

a c 

1 1 yz 

a 3 + b3 + abc 1 + x 3 + x 2 Z yz + x 2 + xz' 

By Cauchy-Schwarz inequality, we deduce that 

L yz (xy+yz+zx)2 
yz + x 2 + xz ~ yz(yz + x 2 + xy) + zx(zx + y2 + yx) + xy(xy + z2 + zy)' 

eye 

So it suffices to prove that 

eye eye eye 

which is obvious. Equality holds for x = y = z or a = b = c. 

v 
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Example 2.1.4. Let a, b, e be three arbitrary real numbers. Denote 

Prove that 

(Nguyen A nh Tuan, VMEO 2006) 

SOLUTION. Rewrite x, y in the following forms 

According to Cauchy-Schwarz inequality, we conclude 

3e2 1 
xy ;::: 4 + 4"(2b - e)(2a - c), 

which implies 

eye eye eye eye 

Comment. By the same approach, we can prove the following similar result 

* Let a, b, e be three arbitrary real numbers. Denote 

x = Jb2 + be + e2 , y = J e2 + ca + a2, Z = J a2 + ab + b2 • 

Prove that 

xy+yz+zx;::: (a+b+e)2. 

v 

Example 2.1.5. Let a, b, e, d be non-negative real numbers. Prove that 

• 
(Pham Kim Hung) 

SOLUTION. According to Cauchy-Schwarz, we have 

(b2 + e~ + d2 + a2 + ~ + d2 + a2 + b~ + d2 + a2 +:2 + e2 ) (a + b + e + d) 

( 
a2 + b2 + e2 + d

2
) 2 

;::: b2 + e2 + d2 a2 + e2 + d2 a2 + b2 + d2 a2 + b2 + e2 
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I t remains to prove that 

According to AM-GM 

_ I fi2 + c'2 + d2 1 (b2 + c2 + d2 ) _ a 2 + b2 + c? + d2 
V a2 S 2 a2 + 1 - 2a2 . 

We can conclude that 

which is exactly the desired result. Equality holds if two of four numbers (a, b, c, d) 

are equal and the other ones are equal to 0 (for example, (a, b, c, d) = (k, k, 0, 0)). 

Comment. Here is the general problem solvable by the samE> method . 

* Let aI, a2, ... , an be non-negative real numbers. Prove that 

al a2 a2 4 
2 2+ 2 2 2+"'+ 2 n 2 >-------

a2 + .. + an al + a3 + .. , + an a1 + ... + an_ 1 - al + a2 + ... + an 

Example 2.1.6. Prove that for all positive real numbers a, b, c, d, e, f, we alwyas have 

abc d e f 
-- + -- + -- + -- + -- + -- > 3. 
b+c c+d d+e e+f f+a a+b-

(Nesbitt's inequality in six variables) 

SOLUTION. According to Cauchy-Schwarz inequality 

L a L a2 (a + b + c + d + e + 1)2 
b + c = ab + ac 2: ab + be + cd + de + ef + fa + ac + ce + ea + bd + df + fb ' 

eye eye 

Denote the denominator of the right fraction above by S. Certainly, 

Applying Cauchy-Schwarz inequality again, we get 

(1 + 1 + 1) [(a + d)2 + (b + e)2 + (c + J)2] 2: (a + b + c + d + e + 1)2 . 
• 

2 
Thus 2S S 3'(a + b + c + d + e + J)2, which implies the desired result. 
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2 2 2 b2 b2 b2 1 a 1 + a2 + ... + an = 1 + 2 + ... + n = . 

Prove the following inequality 

(Korea MO 2002) 

n n 
SOLUTION. By Cauchy-Schwarz, the condition L a; = L b; = 1 yields 

i=l i=l 

According to the expansion of the Cauchy-Schwarz inequality, we have 

n 

(af + ... + a~)(bf + ... + b~) - (albl + ... + anbn )2 = L (aibj - a j bi )2 ;::: (a l b2 - a2bd2 

i,i=l 

or equivalently 

That concludes 

Example 2.1.8. Suppose a, b, c are positive real numbers with sum 3. Prove that 

(Phan Hong Son) 

SOLUTION. We rewrite the inequality in the following form (after squaring both sides) 

L Jb2 + C2 + 2 L J (a + Jb2 + c2) (b + V c2 + a2);::: 9J2 + 6. 
eye eye 

According to Cauchy-Schwarz inequality, we have 
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It remains to prove that 

L J a2 + b2 + (2 - J2) L .rab ;::: 6. 
eye eye 

This last inequality can be obtained directly from the following result for all x, y ;::: 0 

JX4 + y4 + (2 - J2) xy ;::: x 2 + y2 . 

• 
Indeed, the above inequality is equivalent to 

which is obviously true. Equality holds for a = b = c = 1. 

v 

Example 2.1.9. Suppose a, b, c are positive real numbers such that abc = 1. Prove 

the following inequality 

1 1 1 
--=---- + + > 1. 
a2 + a + 1 b2 + b + 1 c2 + c + 1 -

SOLUTION. By hypothesis, there exist three positive real numbers x, y, z for which 

yz b = xz xy 
a= x 2' y2' c=-:;2. 

The inequality can be rewritten to 

According to Cauchy-Schwarz, we have 

It suffices to prove that 
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which is equivalent 

eye eye eye 

Equality holds for x = y = z, or a = b = c = 1. 

Example 2.1.10. Let a, b, c be the side-lengths of a triangle. Prove that 

a + b + c >l. 
3a - b + c 3b - c + a 3c - a + b -

41 

(Samin Riasa) 

SOLUTION. By Cauchy-Schwarz, we have 

4~ a _ ~ 4a 
L 3a - b + c - L 3a - b + c 
eye eye 

_ 3+ ~ a+b-c 
- L3a-b+c 

eye 

> 3 (a + b + c)2 
- + L:(a+b-c)(3a-b+c) 

eye 

~4. 

Equality holds for a = b = c. 

Example 2.1.11. Let a, b, c be positive real numbers such that a ~ b ~ c and a + b + 

c = 3. Prove that 

(Pham Kim Hung) 

SOLUTION. According to Cauchy-Schwarz, we have 

( 
1 1 1 )2 

= J6' J6(3a 2 + 1) + J4' J4(5a2 + 3b2 + 1) + J3' J3(7a 2 + 5b2 + 3c2 + 1) 
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I t remains to prove that 

Notice that a ~ b ~ c, so we have 

or 

since a ~ 1. Equality holds for a = b = c. 

Example 2.1.12. Let a, b, c be positive real numbers with sum 1. PrO've that 

1 + a 1 + b 1 + c 2a 2b 2c -- + -- + -- < - + - + -, 
I-a I-b l-c- b c a 

(Japan TST 2004) 

SOLUTION. Rewrite this inequality in the form 

~ + '"' _a_ < '"' ~ <::} '"' (~ _ _ a_) > ~ ~ '"' ac > 3 
2 L b + c - L b L b b + c - 2 L b(b + c) - 2' 

eye eye eye eye 

According to Cauchy-Schwarz, 

ac a 2c2 (ab + be + ea)2 3 
L b(b + c) = L abc(a + c) 2: 2abc(u + b + c) 2: 2' 
eye eye 

Equality holds if and only if a = b = c. 

Example 2.1.13. (i). Prove that for all non-negative real numbers x, y, z 

(ii). Prove that for all real numbers x, y, z then 

(Tran Nam Dung) 
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SOLUTION. (i). For this part, it's necessary to be aware of the fact that the equality 

holds for x = y = 2z up to pennutation. This suggests using orientated estimations. 

Indeed, by Cauchy-Schwarz, we deduce that 

10(x2 + ii + z2)3/2 - 6(x + y - z)(x2 + y2 + z2) 

= (x2 + y2 + z2) (10 J x 2 + y2 + z2 - 6( x + Y - z)) 

= (x2 + y2 + z2) (130 
J(x2 + y2 + z2)(22 + 22 + 12) - 6(x + y - z)) 

2 ') 2 (10(2X+2Y +Z) ) 2: (x + y~ + z ) 3 - 6(x + y - z) 

10(x2 + y2 + z2)(2x + 2y + 28z) 
3 

Then, according to the weighted AM-GM inequality, we deduce that 

x 2 y2 x8y8z2 
x 2 + y2 + Z 2 = 4 . _ + 4 . _ + z2 > 9 9 _'...::.-._ 

4 4 48 

2x + 2y + 28z = 2x + 2y + 7· 4z 2: 9y'(2x)(2y)(4z)12: 9{/48 xyz7. 

Therefore 

(ii). The problem is obvious if x = y = z = O. Otherwise, we may assume that 

x 2 + y2 + z2 = 9 without loss of generality (if you don't know how to normalize an 

inequality yet, yake a peak at page 120). The problem becomes 

2(x + y + z) :s xyz + 10. 

Suppose Ixl S; Iyl :s 14 According to Cauchy-Schwarz, we get 

[2(x + y + z) - xyz)2 = [(2(x + y) + (2 - xy)z)2 

S; ((x + y)2 + z2) (22 + (2 - xy)2) 

= (9 + 2xy)(8 - 4xy + x2y2) 

= 72 - 20xy + x2y2 + 2X3 y3 

= 100 + (xy + 2)2(xy - 7) . 

Because Ixl S; Iyl S; Izl, z2 2: 3 '* 2xy $ x 2 + y2 ~ 6 '* xy - 7 < O. This yields 

2 (2(x + y + z) - xyz) :s 100 '* 2(x + y + z) ~ 10 + xyz. 

Equality holds for (x, y, z) = (-k, 2k, 2k) (Vk E JIt) up to permutation . 

• 
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Example 2.1.14. Let a, b, c, d be four positive real numbers such that r4 = abcd 2 1. 

Prove the following inequality 

ab + 1 bc + 1 cd + 1 da + 1 > 4(1 + r2) 
a+1 +b+T+ c+1 + d+1 - 1+r ' 

(Vasile Cirtoaje, Crux) 

SOLUTION. The hypothesis implies the existence of four positive real numbers x, y, z, t 

such that 
ry 

a=-, 
x 

b _ rz 
- , 

y 

rt 
c=- , 

z 
d= rx, 

t 
The inequality is therefore rewritten in the following form 

2 
~ T./ +1 4(r2+1) ~r2z+x 4(r2+1) 
L!Jl > {::}L > , + 1 - r + 1 ry + x - r + 1 
eye x eye 

4(r2 + 1) 
We need to prove that A + (r2 -1)B 2 r + 1 ,where 

A=~x+z 'B=~ z 
L ry + x ' L ry + x ' 
eye eye 

By AM-GM, we have of course 

4rLxy+8(xz+yt) = [4(r-1)(x+Z)(y+t)] +4[(X+Z)(y+t)+2(XZ+ yt)] 
eye 

~ (r - 1) (L x) 2 + 2 (L x) 2 = (r + 1) (L x) 2 

eye eye eye 

According to Cauchy-Schwarz, with the notice that r 2 1, we conclude 

A= (x+z) ( 1 + _1_) + (y +t) ( 1 + _1_) 
ry + x rt + z rx + y rz + t 

> 4 (x + z) + 4 (y + t) 
x + z + ry + rt y + t + rx + r z 

> 4(x + y + z + t)2 > _8_ 
(x+z)2+(y+t)2+2r(x+z)(y+t) - r+1' 

(x + y + z + t)2 
z(ry + x) + t(rz + y) + x(rt + z) + y(rx + t) 

> 
(x+y+z+t)2 4 --:-----=---=---_....!-_-- > --

r(xy + yz + zt + tx) + 2(xz + yt) - r + l' 
and the conclusion follows. Equality holds for a = b = c = d = r, 

v 
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Example 2.1.15. Let a, b, c be non-negative real numbers. Prove that 

~ ~ ~ 1 
a2 + 2(a + b)2 + b2 + 2(b + c)2 + c2 + 2(c + a)2 ~ 3· 

(Pham Kim Hung) 

b c a 
SOLUTION. We denote x = -,Y = -b'z = -. The problem becomes 

a c 

1 1 
~ >-
L 1+2(x+l)2 - 3· 
eye 

Because xyz = 1, there exist three positive real numbers m, n,p such that 

np mp mn 
X=2,y=-2,z=-2· 

m n p 

It remains to prove that 

According to Cauchy-Schwarz, we deduce that 

(m2 + n2 + p2)2 
LHS> . 

- m4 + n4 + p4 + 2(m2 + np)2 + 2(n2 + mp)2 + 2(p2 + mn)2 

Since we have 

3 (Lm2)2 - Lm4 - 2L(m2 + np)2 = Lm2(n - p)2 ~ 0, 
eye eye eye eye 

the proof is finished . Equality holds for a = b = c. 

Example 2.1.16. Let a, b, c be non-negative real numbers. Prove that 

abc 
b2 + c2 + a 2 + c2 + a 2 + b2 

4 (1 1 1) >- --+--+-- . 
- 5 b+c c+a a+b 

(Pham Kim Hung) 

SOLUTION. Applying Cauchy-Schwarz, we obtain 

It remains to prove that 

(a + b + C)2 4 a 2 + b2 + c2 + 3(ab + bc + 00) 
--~--~~~--~--~--~ >-.~~~~~~--~--~----~~~ 
ab(a+b)+bc(b+c)+ca(c+a) - 5 ab(a+b)+bc(b+c)+oo(c+a)+2abc 
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• 

Let S = L: a2 , P = L: ab and Q = L: ab(a + b). The above inequality becomes 
eye eye eye 

5(5 + 2P) > 4(5 + 3P) <* SQ + lOabcS + 20abcP ~ 2PQ. 
Q - Q+2abc 

Clearly, we have 

PQ = L a2b2(a + b) + 2abc(S + P), 
sy7n 

sym sym 

This finishes the prof. Equality holds for a = b, c = 0 up to permutations. 

Like with the AM-GM inequality, there is no fixed way of applying the Cauchy

Schwarz inequality. It depends on the kind of problem and on how flexible you are 

in using this inequality. A consistent application of Cauchy-Schwarz, the Holder 

inequality is, in fact, a typical extension. Although Holder is somehow neglected 

in the world of inequalities, almost disregarded in comparison with AM-GM or 

Cauchy-Schwarz, this book will emphasize this inequality's importance. I place 

Holder inequality in a subsection of the Cauchy-Schwarz inequality because it is 

a natural generalization of cauchy-Schwarz and its application is not so different 

than Cauchy-Schwarz inequality's application. 

2.2 Holder Inequality 

Theorem 3 (Holder inequality). for m sequences of positive real numbers 

Equality occurs if and only if these m sequences are pairwise proportional. Cauchy

Schwarz ineq'uality is a direct corollary of Holder inequality for m = 2. 

Corollary 1. Let a, b, c, x, y, z, t, u, v be positive real numbers. We always have 
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PROOF. This is a direct corollary of Holder inequality for m = n = 3. I choose this 

particular case of Holder for a detailed proof because it exemplifies the proof of the 

general Holder inequality. 

According to AM-GM, we deduce that 

That means 

Corollary 2. Let aI, a2, ... , an be positive real numbers. Prove that 

PROOF. Applying AM-GM, we have 

These two inequalities, added up, give the desired result . 

Why do we sometimes neglect Holder inequality? Despite its strong application, 

its sophisticated expression (with m sequences, each of which has n terms), makes it 

confusing th(> first time we try using it. If you are still hesitating, the book will try 

to convince you that Holder is really effective and easy to use. Don't be afraid of 

familiarize yourself with it! Generally, a lot of difficult problems turn into very simple 

ones just after a deft application of Holder inequality . 

• 
Example 2.2.1. Let a, b, c be positive real numbers. Prove that 

abc 
----r:=:;;;:::::=:::::::::::== + + > l. 
Ja2 + 8bc Jb2 + 8ac Jc2 + 8ab -

(IMO 2001, A2) 
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SOLUTION. Applying HOlder inequality for three sequences, each of which has three 

terms (actually, that's corollary 1), we deduce that 

( 2: a ) (2: a ) (2: a(a
2 + 8bC») ~ (a + b + c)3. 

eye ../a2 + 8bc eye ../a2 + 8bc eye 

So it suffices to prove that 

(a + b + C)3 ~ 2: a(a2 + 8bc) 
eye 

or equivalently 

c(a - b)2 + a(b - c)2 + b(c- a)2 ~ O. 

V' 

Example 2.2.2. Let a, b, c be positive real numbers such that abc = 1. Prove that 

abc 
-r.:;;==;=== + + > 1, 
../7 + b + c ../7 + c + a ../7 + a + b -
abc 

--;::::::::::::::::;:::;;====;<: + + > l. 
../7 + b2 + c2 ../7 + c2 + a2 ../7 + a2 + b2 -

With the same condition, determine if the following inequality is true or false. 

abc 
---r===::=====;;: + + > l. 
../7 + b3 + c3 ../7 + c3 + a3 ../7 + a3 + b3 -

(Pham Kim Hung) 

SOLUTION. For the first one, apply Holder inequality in the following form 

( 2:"/7 ab c) (2:../7 ab c) (2: a(7+b+C») ~ (a+b+c)3 
eye + + eye + + eye 

It's enough to prove that 

(a+b+c)3 > 7(a+b+c)+2(ab+bc+oo). 

Because a + b + c ~ 3 {!abc = 3, 
• 

2 
(a + b + C)3 ~ 7(a + b + c) + 3'(a + b + c)2 ~ 7(a + b + c) + 2(ab + bc + 00). 

For the second one, apply Holder inequality in the following form 
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On the other hand 
• 

L a(7 + b2 + C2
) = 7(a + b + c) + (a + b + c)(ab + bc + ca) - 3abc 

eye 

1 
~ 7(a + b + c) + 3(a + b + C)3 - 3 ~ (a + b + C)3. 

Equality holds for a = b = c = 1 for both parts. 

The third one is not true. Indeed, we only need to choose a -+ 0 and b = c -+ +00, or 

namely, a = 10-4 , b = c = 100. 

Example 2.2.3. Let a, b, c be positive real numbers. Prove that for all natural numbers 

k, (k 2: 1) I the following inequality holds 

ak+1 bk+ l ~+1 ak bk ~ 
-- + -- + - > -- + -- + --. 

bk ck ak - bk- l Ck- l ak- 1 

SOLUTION. According to HOlder inequality, we deduce that 

(
ak+1 ~+I Ck+1)k-l ( ak bk ~)k 
~ + --;;;;- + ~ (a + b + c) 2: bk- 1 + Ck- 1 + ak- 1 

It suffices to prove that 

ak bk ~ 
bk- 1 + Ck- 1 + ak- l 2: a + b + c, 

which follows from Holder inequality 

(b~~l + C~~l + a~~l ) (b + c + a)k-l 2: (a + b + C)k. 

EqUality holds for a = b = c. Notice that this problem is still true for every rational 

number k (k 2: 1), and therefore it's still true for every real number k (k ~ 1). 

Example 2.2.4. Let a, b, c be positive real numbers. Prove that 

(a5 
- a 2 + 3)(b5 

- b2 + 3)(c5 
- c2 + 3) 2: (a + b + C)3. 

(Titu Andreescu, USA MO 2002) 

SOLUTION. According to Holder inequality, we conclude that 

cye eye 

= (a3 + 1 + 1)(1 + b3 + 1)(1 + 1 + c3
) 2: (a + b + C)3. 

V 
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Example 2.2.5. Suppose a, b, c are three positive real numbers verifying ab+bc+ca = 

3. Prove that 

(Michael Rozenberg) 

SOLUTION. The inequality is directly obtained from Holder inequality 

• 
Example 2.2.6. Let a, b, c be positive real numbers which sum up to 1. Prove that 

abc 
+ + > 1. 

~ a + 2b ~b + 2c ~ c + 2a -

(Pham Kim Hung) 

SOLUTION. This inequality is directly obtained from by Holder inequality 

because 

L::a(a+2b) = (a+b+c)2 = 1. 
eye 

Example 2.2.7. Let a,b,c be positive real numbers. Prove that 

a2 (b + c) + b2(c + a) + c2(a + b) ~ (ab + bc + ca) \I(a + b)(b + c)(c + a). 

(Pham Kim Hung) 

SOLUTION. Notice that the following expressions are equal to each other 

a2 (b + c) + b2(c+ a) + c2(a + b), 

b2(c+ a) + c2 (a + b) + a2(b + c), 

ab(a + b) + bc(b + c) + ca(c + a). 

According to Holder inequality, we get that 

( L::a2(b+C))3 ~ (L::ab\l(a +b)(b+C)(c+a))3 
eye eye 

which is exactly the desired result. Equality holds for a = b = c. 
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Example 2.2.8. Let a, b, c, d be positive real numbers such that abcd = 1. Prove that 

44(a4 + 1)(b4 + 1)(c4 + 1)(d4 + 1) ~ (a + b + c + d + ~ + ~ + ~ +~) 4 
abc d 

(Gabriel Dospinescu) 

SOLUTION. By Holder inequality, we get that 

(a4 + 1)(1 + b4)(1 + c4)(1 +d4) ~ (a + bcd)4 = (a +~) 4 

~ yt(a4 + 1)(b4 + 1)(& + 1)(d4 + 1) ~ a + ~ 
a 

1 
~ 4yt(a4 + 1)(b4 + 1)(& + 1)(d4 + 1) ~ La + L~' 

eye eye 

Equality holds for a = b = c = d = 1. 

Example 2.2.9. Let a, b, c be positive re.al numbers. Prove that 

SOLUTION. Applying Holder inequality. we obtain 

(a 2 + ab + b2 )(b2 + bc + c2 )(c2 + ro + a2
) 

= (ab + a2 + b2 )(a2 + ac + c2 )(b2 + c2 + bc) ~ (ab + ac + bc)3. 

V 
• 

If an inequality can be solved by Holder inequality, it can be solved by AM-GM 

inequality, too. Why? Because the proof of HOlder inequality only uses AM-GM. 

For instance, in example 2.2.1, we can use AM-GM directly in the following way 

Let M = a + b + c. According to AM-GM, we have 

a a a(b2 + 8ac) 3a 

Jb2 + 8ac + Jb2 + 8ac + (a + b + c)3 ~ a + b + c' 

Our work on the LHS is to build up two other similar inequalities then sum up all 

of them. 

But what is the difference between AM-GM and Cauchy-Schwarz and Holder? 

Although both Cauchy-Schwarz inequality and HOlder inequality can be proved 

by AM-GM, they have a great advantage in application. They make a long and com

plicate solution through AM-GM, shorter and more intuitive. Let's see the following 

example to clarify this advantage. 
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Example 2.2.10. Suppose that a, b, c are positive real numbers satisfying the condi

tion 3 max(a2 , b2, c2) ~ 2(a2 + b2 + ~). Prove that 

a + b + c > V3. 
J2fi2 + 2c2 - a 2 J2c2 + 2a2 - b2 J2a2 + 2fi2 - c2 

SOLUTION. By Holder, we deduce that 

(z= J2b2 + ~C2 _ a2) (z= J2b2 + ~C2 _ a2 ) (z= a(2b
2 
+ 2c

2 
- a

2
)) ~ (a+b+c)3. 

eye eye eye 

I t remains to prove that 

(a + b + c)3 ~ 3 z= a(2b2 + 2c2 - a2). 
eye 

Rewrite this one in the following form 

3 (abc- TI(a - b+ C)) + 2 (z=a
3 

- 3abc) ~ 0, 
~e ~e 

which is obvious (for a quick proof that the first term is bigger than 0, replace a-b+c = 
x, etc). Equality holds for a = b = c. 

How can this problem be solved by AM-GM? Of course, it is a bit more difficult. 

Let's see that 

~ a ~ a ~ 3V3a(2b2 + 2i2 - a2
) > 

L J2b2 + 2c2 _ a2 + L J2b2 + 2c2 _ a2 + L (a + b + c)3 
eye eye eye 

> 3~ J3a = 3J3. 
- La+b+c 

eye 

To use AM-GM now, we must be aware of multiplying 3V3 to the fraction 

a(2b2 + 2c2 - a2) 

in order to have 

a 

(a + b + c)3 

a 3J3a(2b2 + 2~ - a2) 
(a+b+c)3 

in case a = b = c. Why are Holder and Cauchy-Schwarz more advantageous? 

Because, in stead of being conditioned by an "equal property" like AM-GM is, 

Holder and Cauchy-Schwarz are conditioned by "proportional property". This 

feature makes Holder and Cauchy-Schwarz easier to use in a lot of situations. 

Furthermore, HOlder is very effective in proving problems which involve roots (helps 

us get rid of the square root easily, for example) . 

• 
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Chebyshev Inequality 

3.1 Chebyshev Inequality and Applications 

Theorem 4 (Chebyshev inequality). Suppose (al,a2, ... ,an ) and (b l ,b2, ... ,bn ) are 

two increasing sequences of real numbers, then 

PROOF. By directly expanding, we have 

n 

= L (ai - aj)(bi - bj ) ~ o. 
i,j=l 

Comment. By the same proof, we also conclude that if the sequence (all a2, ... , an) 

is increasing but the sequence (b l , b2, ... , bn) is decreasing, then 

1 
albl + a2b2 + ... + anbn ~ -(al + a2 + ... + an)(b l + b2 + ... + bn). 

n 

For symmetric problems, we can rearrange the order of variables so that the con

dition of Chebyshev inequality is satisfied. Generally, solutions by Chebyshev in

equality are more concise those that by other basic inequalities. Let's consider the 

following simple example 

Example 3.1.1. Let al,a2, ... ,an be positive real numbers with sum n. Prove that 

53 
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SOLUTION. To solve this problem by AM-GM, we must go through two steps: first, 
n n 11 

prove n L a~+l + n ~ (n + 1) L ai, and then prove L ai ~ n. To solve it by 
i=l i=l i=l 

Cauchy-Schwarz, we must use an inductive approach eventually. However, this 

problem follows from Chebyshev inequality immediately with the notice that the 

sequences (all a2, ... , an) and (ai\ a2\ ... , a~) can be rearranged so that they are in

creasing at once. 

Now we continue with some applications of Chebyshev inequality. 

Example 3.1.2. Let a, b, c, d be positive real numbers such that a2 + b2 + c2 + d2 = 4. 

Prove the following inequality 

a2 b2 c2 d2 4 
-::--~ + + + > -. 
b+c+d c+d+a d+a+b a+b+c - 3 

SOLUTION. Notice that if (a, b, c, d) is arranged in an increasing order then 

1 > 1 > 1 > 1 
b+c+d - c+d+a - d+a+b - a+b+c' 

Therefore, by Chebyshev inequality, we have 

That implies 

Example 3.1.3. Suppose that the real numbers a, b, c > 1 satisfy the condition 

111 
a 2 - 1 + b2 - 1 + c? _ 1 = 1. 

Prove that 
1 1 1 

--+--+--<1 
a+l b+l c+l - . 

(Poru Loh, Crux) 
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SOLUTION. Notice that if a ~ b ~ c then we have 

a-2 b-2 c-2 
-->-->-
a+l-b+1-c+l 

a+2<b+2<c+2 
a-l-b-l-c-l· 

Chebyshev inequality affirms that 

3 (~a2 -4) ~ (~~) (~a+2). 
~ a 2 - 1 ~ a + 1 ~ a-I 
eye eye eye 

By hypothesis, the left-hand expression is equal to 0, which means 

a-2 b-2 c-2 
--+--+-->0 
a+l b+1 c+1-

which is equivalent to the desired result. Equality holds for a = b = c = 2 . 

• 
Example 3.1.4. Let a, b, c, d, e be non-negative real numbers such that 

Prove that 

11111 
--+--+--+--+-- = 1. 
4+a 4+b 4+c 4+d 4+e 

abc d e 
------::- + -- + -- + + < 1 4 + a2 4 + b2 4 + c2 4 + d2 4 + e2 - . 

I-a 
SOLUTION. The hypothesis implies that L -- = o. We need to prove that 

eye 4 + a 

~ 1 > ~ a ~ 1 - a . 1 > O. 
~ 4 + a - ~ 4 + a2 <=> ~ 4 + a 4 + a2 -
eye eye eye 

Assume that a ~ b ~ c ~ d ~ e, then 

I-a I-b l-c I-d l-e 
--<--<--<--<-- . 
4+a-4+b-4+c-4+d-4+e' 

1 <_1_<_1_< 1 < 1 
4 + a 2 - 4 + b2 - 4 + c2 - 4 + d2 - 4 + e2 

55 

Applying Chebyshev inequality for the monotone sequences above, we get the desired 

result . Equality holds for a = b = c = d = e = 1. 

Example 3.1.5. Suppose that a, b, c, d are four positive real numbers satisfying a + 
b + c + d = 4. Prove that 

1 1 1 1 1 
11 + a2 + 11 + b2 + 11 + c2 + 11 + d2 ~ "3. 



• 
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(Pham Kim Hung) 

SOLUTION. Rewrite the inequality in the following form 

( 
1 1 ) -- >0 L 11+a2 12 -

eye 

or equivalently 

L 
a+1 

(1 - a) . > O. 
a2 + 11 -

eye 

Notice that if (a, b, e, d) is arranged in an increasing order then 

a+1 b+1 e+1 d+1 
--::---> > 2 > 2 . 
a2 + 11 - b2 + 11 - e + 11 - d + 11 

The desired results follows immediately from the Chebyshev inequality. 

Example 3.1.6. Let a, b, e be three positive real numbers with sum 3. Prove that 

1 1 1 2 2 2 
2""+b2+2"~a +b +e. a e 

(Vasile Cirtoaje, Romania TST 2006) 

SOLUTION. Rewrite the inequality in the form 

eye eye eye 

Notice that if ab S 2 and a ~ b then 

Indeed, this one is equivalent to (a+ b+ ab- a2b2)(a - b) ~ 0, which is obviously true 

because ab S 2. From this property, we conclude that if all ab, be, ca are smaller than 

2 then Chebyshev inequality yields 

La
2
b
2

(1 + e+ <? + e2)(1- c) ~ (L a2b2(1 + e+ e2 + e3
)) (L(1- e)) = o. 

eye sym sym 

Otherwise, suppose ab ~ 2. Clearly, a + b ~ 2V2, so e S 3 - 2V2 and e2<~. That 

means 
1 1 1 2 2 2 

2"" + b2 + 2" > 9 > a + b + e . a c 
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The proof is finished. Equality holds for a = b = c = 1. 

v 

In the following pages, we will discuss a special method of applying Chebyshev 

that is very effective and widely used. This technique is generally called" Chebyshev 

associate technique". 

3.2 The Chebyshev Associate Technique 

Let's analyze the following inequality 

Example 3.2.1. Suppose a, b, c, d are positive real numbers such that 

Prove the inequality 

(Pharo Kim Hung) 

SOLUTION. A cursory look at this inequality will leave you hesitating. The relationship 

between the variables a, b, c, d appears to be obscure and very hard to transform; 

moreover, the problem involves square roots. How can use handle this situation? 

Surprisingly enough, a simple way of applying Chebyshev can draw the enigmatic 

curtain. Let's discover the method! 

By hypothesis, we have 

Rewrite the inequality to the following form 

( ) 

a2 - 1 
~ 2a - va2 + 3 ~ 0 {::? ~ > 0 
L L 2a + va2+3- . 
eye eye 

How to continue? The idea is to apply Chebyshev inequality for these sequences: 

( 
1 1 1 1) 

(a 
2 
-1, b

2 
-1, c

2 
-1, d

2 
-1); 2a + va2 + 3 ' 2b + Vb2 + 3 ' 2c + V c2 + 3 ' 2d + V d2 + 3 . 

However, it's a futile idea because·the first sequence is increasing but the second se

quence is decreasing, and therefore the sign becomes reversed if we apply Chebyshev. 
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Hope is not lost! Noticing that L (a2 

- 1) = 0, we will transform the inequality to 
eye a 

the form 
a2 -1 a 
~. >0. 
L a 2a + J a2 + 3 -
eye 

a 
Suppose a > b > c> d . With the identity ----;:.::;;===:: 

- - - 2a + J a2 + 3 

that 

(
a2 

- 1 b2 
- 1 c2 

- 1 d2 
- 1 ) 

a ' b ' c 'd ' 

and 

1 
--r===, we we see 
2+ Jl+ ~ 

are two increasing sequences. So, according to Chebyshev inequality, we conclude 

This ends the proof. Equality holds for a = b = c = d = 1. 

What is the key feature of this simple solution? It is the step of dividing both 

numerators and denominators of fractions by suitable coefficients in order to fit the 

condition in Chebyshev inequality and bond it with the hypothesis. According to 

this solution, we can build a general approach as follow 

* Suppose that we need to prove the inequality (represented as a sum of fractions) 

Xl + X2 + ... + Xn > 0 
YI Y2 Yn -

in which Xl, X2, ... , Xn are real numbers and Yl, Y2, .. . , Yn are positive real numbers . 
• 

Generally, every inequality can be transformed into this form if a certain fraction has 

a negative denominator, we will multiply both its numerator and denominator by -1. 

Then 'We w'lll find a new sequence of positive real numhers (aI, a2, ... , an) such that the 

seq'uence 

is increasing hut the sequence 
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is decreasing. After applying Chebyshev inequality 

11 X. 1 ( ) (1) L-2>- L a .x · L -
i=l Yi - n eye l l eye aiYi ' 

• 
it will remain to prove that 

i=l 

Why is this approach advantageous? Because it get rid of fractions in the inequal

ity. Even a suitable choice that makes alxl + a2X2 + ... + anXn = 0 can help finish the 

proof immediately. In fact, many problems can be solved in this simple way. Right 

now, let's go further with the following examples: 

Example 3.2.2. Suppose a, b, e are positive real numbers with sum 3. Prove that 

111 ....,,---- + + < 1. 
e2 + a + b a2 + b + e b2 + a + e -

SOLUTION. The inequality is equivalent to 

or 

-- >0 <=> ( 1 1) L e2 -e+3 3 -
" ( a(a - 1) ) > 0 
~ a2 -a+3 -

eye eye 

L( a-1 »0 
a-1+~ - . 

eye a 

According to Chebyshev inequality and the hypothesis that a + b + e = 3, it suffices 

to prove that. if a ~ b then 0. -1 + ~ ~ b -1 + ~ or (a - b)(ab - 3) ~ O. It's obviously 

true because ab ~ ~(a + b)2 ~ ~ < 3. Equality holds for a = b = e = 1. 

V 

Example 3.2.3. Let a, b, e be positive real numbers and 0 ~ k ~ 2. Prove that 

a2 - be b2 - ca c2 - ab ....."....--::----::- + + > O. 
b2 + e2 + ka2 c2 + a2 + kb2 a2 + b2 + kc2 -

(Pham Kim Hung) 

SOLUTION. Although this problem can be solved in the same way as example 2.1.1 is 

solved, we can use Chebyshev inequality to give a simpler solution. Notice that if 

a ~ b then for all positive real e, we have (a 2 - be)(b + e) ~ (b2 - ca)(e + a), and 

(b2 + e2 + ka 2 ) (b + e) - (e2 + a 2 + kb2) (e + a) = (b - a) (L a 
2 

- (k - 1) L be) ~ O. 
eye eye 
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Having these results, we will rewrite the inequality into the following form 

'" (a
2 

- bc)(b + c) 0 
L (b+ c)(b2 + c2 + ka2) > , 
eye 

which is obvious by Chebyshev inequality because L:(a2 - bc)(b + c) = o. 
eye 

• 
Example 3.2.4. Let a, b, c be positive real numbers. Prove that 

Ja2 + Sbc + Jb2 + Sea + J c2 + Sab < 3(a + b + c). 

SOLUTION. Rewrite the inequality in the following form 

or 

( ) ~-~ I: 3a - J a 2 + Sbc > 0 ¢:> L > 0 
- 3a + ";a2 + Sbc -

eye eye 

L (a2 - bc)(b + c) 0 
eye (b + C) (3a + ";a2 + Sbc) ~ . 

According to Chebyshev inequality, it remains to prove that: if a ~ b then 

(b + c) (3a + J a 2 + Sbc) ~ (a + c) (3b + Jb2 + Sea) 

¢:> (b + c)Ja2 + Sbc - (a + c)Jb2 + Sea ~ 3c(b - a). 

We make a transformation by conjugating: 

(b + c)J a2 + Sbc _ (a + c)Jb2 + Sea = (b + c)2(a
2 + Sbc) - (a + c)2(b

2 + Sac) 
(b + c)";a2 + Sbc + (a + c)";b2 + Sea 

I t remains to prove that 

_ c(b - a) [Sa2 + Sb2 + Sc2 + 15c(a + b) + 6ab ] 

(b + c)Ja2 + Sbc + (a + c)";b2 + Sea 

Sa2 + Sb2 + S~ + 15c(a + b) + 6ab ~ 3 ((b + c)J a 2 + Sbc + (a + c)Jb2 + sea) , 

which follows immediately from AM-GM since 

3 
RHS ~ 2 ((b + c)2 + (a2 + Sbc) + (a + c)2 + (b2 + Sea)) 

= 3(a2 + b2 + c2 + 5bc + 5ac) ~ LHS. 

Comment. Here is a similar example 

* Let a, b, c be positive real numbers. Prove that 

a 2 - bc b2 - ca c2 - ab 
---r.:::::::::;;;:::===:::~===:::::;<: + + > o. 
";7a 2 + 2b2 + 2(;2 ";7b2 + 2c2 + 2a2 J7c2 + 2a2 + 2b2 -

V 
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Example 3.2.5. Let a, b, c, d be positive real numbers such that a2 + b2 + c? + d2 = 4. 

Prove that 
111 1 --+--+--+-- < 1. 5-a 5-b 5-c 5-d-

(Pham Kim Hung) 

SOLUTION. The inequality is equivalent to 

'" (_1 _~):::; 0 *> 
6 5-a 4 
eye 

L:
a - 1 
--<0 
5-a -

eye 

L: (a - l)(a + 1) 0 a2 - 1 
*> ( ) ) < *> '" 2 < o. 5-a (a+1 - 64a-a +5-

eye eye 

Notice that 2:(a2 - 1) = 0, so by Chebyshev inequality, it is enough to prove that 
eye 

if a ~ b then 

4a - a 2 + 5 ~ 4b - b2 + 5. 

This condition is reduced to a + b :::; 4, which is obvious because a2 + b2 :::; 4 . Equality 

holds for a = b = c = d = 1. 

Example 3.2.6. Let al, a2, ... , an be positive real numbers satisfying 

1 1 1 
a1 + a2 + ... + an = - + - + ... +-. 

al a2 an 

Prove that the following inequality holds 

1 1 1 1 
22 +22 +···+22 >-------

n + a 1 - 1 n + a2 - 1 n + an - 1 - at + a2 + ... + an 
• 

(Pham Kim Hung) 

SOLUTION. WLOG, we may assume that a1 ~ a2 ~ 

equivalent to: 

> an. The hypothesis is 

1 - ai 1 - a~ 1 - a~ 0 ( ) 
-~+ + ... + = * 

a1 a2 an 
n 

Denote S = 2: ai and k = n 2 - 1. According to (*), the inequality can be rewritten 
i=l 

as 
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For each i i= j and i,j E {I, 2, ... , n}, we denote 

If Sij ~ 0 for all 1 ~ i < j ~ n (i,j EN) then by Chebyshev inequality, we conclude 

Otherwise, suppose that there exist two indexes i < j such that Sij ~ 0 or 

a -a -(a- + a -+ 1) - k 1 
'Jt J +-<0 

(a; + k)(a; + k) S - . 

This condition implies that 

1 k-a -a-(a -+a-+l) 1 1 n 1 _< lJ t J < + L-=---"" 
S- (a;+k)(a;+k) -k+a; k+a;<i=lk+a;-

This ends the proof. The equality holds for al = a2 = .. _ = an = 1. 

Why does the Chebyshev associate technique stand out from other ways of ap

plying Chebyshev? Perhaps its wide application is the reason. Do you think this 

new and surprising? Surely not. In fact, this approach is natural. I believe that you 

have already used it but haven't given it a common name yet. From now, on instead 

of thinking intuitively and accidentaly, you will use Chebyshev associate technique 

intentionally_ Sometimes the work of multiplying numerators and denominators by 

suitable coefficients is quite conspicious, such as in the problems above, but sometimes 

it's not . Figuring out the good coefficients requires a lot of effort and therefore the 

"intention" to find them becomes important. Let's examine this matter through the 

following instances 

Example 3.2.7. Suppose that a, b, c are positive real numbers with sum 3. Prove that 

1 1 1 3 
-g---a-b + 9 - be + 9 - ea ~ S· 

• 
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SOLUTION. Let x = bc, y = ca, Z = abo The inequality becomes 

L 1 3 L I-x -- < - ¢::} -- > O. 
9-x-8 9-x-eye eye 

Suppose that ax, ay , az are the coefficients we are looking for. We will rewrite the 

inequality to 
1 L ax (1- x) . a (9 _ x) > O. 

eye x 

The numbers (ax,ay,az ) must fulfill two conditions: first, among two sequences 

(ax(1- x), ay(1 - y), az (1 - z)) and (ax (9 - x), ay (9 - y), a z (9 - z)), one is increas

ing and another is decreasing (1); second, L ax (1- x) ~ 0 (2). 
eye 

Let's do some tests. vVe first choose ax = 1 + x,ay = 1 + y,az = 1 + z. In this case, 

condition (1) is satisfied but condition (2) is false because 

eye 

vVe then choose ax = 8 +x, a y = 8 +y, a z = 8 +z. This time, condition (2) is satisfied 

(you can check it easily) but condition (1) is not always true. Fortunately, everything 

is fine if we choose ax = 6 + x, ay = 6 + y, az = 6 + z. In this case, it's obvious that if 

x ~ y ~ z then ax(l-x) ~ ay(l-y) ~ az{l-z) and a x(9-x) :::; ay(9-y) :::; a z (9-z). 

It remains to prove that 

L aAl - x) ~ 0 ¢::} 5 (L ab) + (L ab) 2 :::; 18 + 6abc. 
eye eye eye 

By AM-GM, we have 

II (3 - 2a) = II (a + b - c) :::; abc. 
eye eye 

This can be reduced to 9 + 3abc ~ 4 Lab. Replacing 3abc ~ 4 L ab - 9 in the above 
eye eye 

inequality, it becomes 

which is obvious because a + b + c = 3. Equality holds for a = b = c = 1. 
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Example 3.2.8. Let a, b, e be positive real numbers such that a4 + b4 + e4 = 3. Prove 

that 
111 --+--+ <l. 

4 - ab 4 - be 4 - ca -

(Moldova TST 2005) 

SOLUTION. Let x = ab, y = ae and z = be. The inequality is equivalent to 

I-x 1-y l-z 
--+--+-->0 
4-x 4-y 4-z-

1 - x 2 1 - y2 1 - z2 
¢:} + + >0 

4 + 3x - x 2 4 + 3y - y2 4 + 3z - z2 -

Notice that a4 + b4 + e4 = 3 so x2 + y2 + z2 ~ 3 and therefore if x ~ y > z then 

thus by Chebyshev inequality, we obtain 

because L x ~ 3 and L x 2 ~ 3. Equality holds for a = b = e = 1. 
eye eye 

Example 3.2.9. Let alo a2, ... , an be positive real numbers such that 

Prove the following inequality 

111 
---"":<"2+ 2+"'+ 2 ~1. 
n - 1 + a 1 n - 1 + a 2 n - 1 + an 

(Pham Kim Hung) 

SOLUTION. Rewrite the inequality to the following from 

n (1 1) - - < 0 ?= n -1 +a? n -
t=1 t 

or equivalently 
n a?-1 
'" t 2 ~ O. L n -l+a. 
i=l t 



3.1 . Chebyshev inequality and Applications 65 

Assume that al ~ a2 ~ ... ~ an · According to the hypothesis, we have 

~a~-l 
~ l = 0. 
i=1 ai 

Moreover, notice that 

aj aj (n - 1 - aiaj)(ai - aj) 

n -1 + ar - n -1 + a; - (n -1 + an(n -1 + a;)" 

So, in case aiaj .:::; n - 1 Vi =f. j, we can conclude that 

n 2 (n 2 )(n ) a i - 1 1 a i - 1 ai 0 ?= n - 1 + a~ ~;;: L ai ?= n - 1 + a 2 = . 
1=1 l t=1 l=1 t 

It suffices to consider the remaining case ala2 ~ n -1. For n ~ 3, Cauchy-Schwarz 

inequality shows that 

2 2 ()2 al a2 > al + a2 > 1 
n - 1 + a~ + n - 1 + a~ - 2( n - 1) + a~ + a~ -

• 
n 2 n 1 

::} '" a i 
2 > 1 ::} '" 2 .:::; 1. ~ n -1 + a · - L n -1 + a· 

i=l l i = l l 

For n = 1 and n = 2, the inequality becomes an equality. For n ~ 3, the equality 

holds if and only if al = a2 = ... = an = 1. 





Chapter 4 

Inequalities with Convex 

Functions 

The convex function is an important concept and plays an important role in many 

fields of Mathematics. Although convex functions always pertain to advanced theo

ries, this book will try to give you the most fundamental knowledge of this kind of 

functions so that it can be easily understood by a high-school student and it can be 

used in inequalities. This section includes two smaller parts: Jensen inequality and 

inequalities with bounded variables. 

4.1 Convex functions and Jensen inequality 

Definition 1. Suppose that f is a one-variable function defined on [a, b) C lR. f is 

called a convex function on [a, bj if and only if for all x, y E [a, bj and for all 0 < t ~ 1, 

we have 

tf(x) + (1 - t)f(y) ~ f (tx + (1 - t)y). 

Theorem 5. If f(x) is a real function defined on [a, b] C Ire and fl/(x) > 0 't/x E [a, b] 

then f(x) is a convex function on la, b]. 

PROOF. We will prove that for all x, y E [a, bj and for all 0 ~ t ~ 1 

tf(x) + (1 - t)f(y) ~ f (tx + (1- t)y) . 

Indeed, suppose that t and yare constant. Denote 

g(x) = tf(x) + (1 - t)f(y) - f (tx + (1 - t)y) . 

• 
67 
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By differentiating, 

g'(x) = tf'(x) - tf'(tx + (1 - t)y). 

Notice that f" (x) ~ 0 for all x E [a, b], thus f' (x) is an increasing function on [a, b] . 

This gives that g'(x) 20 if x ~ y and g'(x) S 0 if x S y. That means g(x) 2 g(y) = o. 

Theorem 6 (Jensen inequality). Suppose that f is a convex function on la, b] C JR. 

For all xI, X2, ... , Xn E [a, b], we have 

() () f() (
XI+X2+ ... +xn) f Xl + f X2 + ... + Xn 2 nf n . 

If you've never read any material regarding convex functions, or if you've never 

seen the definition of a convex function, the following lemma seems to be very useful 

and practical (although it can be obtained directly from Jensen inequality) 

Lemma 1. Suppose that a real function f : [a, b] ---+ R satisfies the condition 

(
x+y) f(x) + fey) 22f -2- 't/x,y E [a,b]' 

then for all Xl, x2, ... , xn E [a, b], the following inequality holds 

() f( ·) () f(XI+X2+ ... +xn) f Xl + X2 + ... + f Xn 2 n n . 

PROOF. vVe use Cauchy induction to solve this lemma. By hypothesis, the inequality 

holds for n = 2, therefore it holds for every number n that is a power of 2. It's enough 

to prove that if the inequality holds for n = k + ~(k E N, k 22) then it will hold for 

n = k. Indeed, suppose that it's true for n = k + 1. Denote x = Xl + X2 + ... + Xk and 
' X 

take Xk+1 = k' By the inductive hypothesis, we have 

f (xd + f (X2) + ... + f (Xk) + f Cf) 2 (k + 1) f ( ~ : ~) = (k + 1) f (~) . 
That finishes the proof. 

The result above can can directly infered from Jensen inequality because accord

ing to the definition, every convex function f satisfies (t = 1/2) 

f(x) + fey) 2 2f (x; Y) . 
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Obviously, if we change the condition f(x) + f(y) ~ 2f (X; Y) "Ix, Y E [a, b) to 

f (x) + f (y) :::; 2f ( x ; y) "Ix, y E [a, b), then the sign of the inequality is reversed 

f( ) f() f() (
XI+X2+ ... +xn) 

Xl + X2 + ... + Xn:::; n f n . 

Lemma 2. Suppose that the real !unction f : [a, b) ---t ~+ satisfies the condition 

f(x) + f(y) ~ 2f(.JXY) "Ix, y E [a, b], 

then for all XI, X2, ... , Xn E la, b], the following inequality holds 

The proof of this lemma is completely similar to that of lemma 1 and therefore it 

won't be shown here. Notice that this lemma is quite widely applied and it is related 

to the AM-GM inequality of course. 

Theorem 1 CWeighted Jensen inequality). Suppose that f(x) is a real function de

fined on [a, b) c ~ and XI, X2, ... , Xn are real numbers on [a, b). For all non-negative 

real numbers aI, a2, ... , an which sum up to I, the following inequality holds 

Jensen inequality is a particular case of this theorem for al = a2 = ... = an = lin. 

Let's consider a more elementary version of this theorem as fo11ow 

Lemma 3. Let aI, a2, ... , an be non-negative real numbers with sum 1 and Xl, X2, ... , Xn 

be real numbers in [a, b). Let f(x) be a real function defined on [a, b). The inequality 

is true for every positive integer n and for every real numbers Xi, ai, i = 1,2,· .. ,n 

if and only if it's true in the case n = 2. 

To prove lemma 3 as well as the weighted Jensen inequality, we use the same 

method as in the proof of lemma 1. The great advantage of lemma 1, 2 and 3 is that 

is allows one to use the convex-function method even if one knows nothing about the 

convexity of a function. Following is an obvious corollary 
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Corollary 3. 

a, The conclusion in lemma 1 is still true if we change the expression of the arithmetic 

mean by any other average form of Xl,X2, ... ,Xft; for example, geometric mean or 

harmonic mean, etc. 

b, If the sign of the inequality for two numbers is reversed, the sign of the inequality 

for n nnmbers is reversed, too. 

Jensen is a classical inequality. In the next chapters, we will continue discussing 

this inequality in relationship with Karamata inequality, a stronger result. Now let's 

continue with some applications of Jensen inequality. 

Example 4.1.1. Suppose that Xli X2, ... , Xn are positive real numbers and 

Xli X2, ... , Xn ~ 1. Prove that 

1 lIn --+ + ... + < . 
1 + Xl 1 + X2 1 + Xn - 1 + ylXlX2".Xn 

(1M 0 Shortlist) 

SOLUTION. According to lema 2, it's enough to prove that 

1 1 2 
-----=- + < 'Va b> 1. 
1 + a 2 1 + b2 - 1 + ab ,-

We can reduce this inequality to (a - b)2(1 - ab) ~ 0, which is obvious. 

Example 4.1.2. Let all a2, ... , an be real numbers lying in (1/2,lJ. Prove that 

ala2···an > (1 - al)(l - a2) ... (1 - an) 
(al + a2 + ... + an)n - (n - al - an - .. - an)n 

SOLUTION. The inequality is equivalent to 

Notice that the function J(x) = Inx -In(l - x), has the second derivative 

J"(} -1 1 
X = --;'i + (1 _ x)2 ~ 0 (x E (1/2,1]). 

Therefore J is a convex function. By Jensen inequality, we have the desired result. 



4.0. Inequalities with Convex functions 71 

In comparison with other basic inequalities such as AM-GM Cauchy-Schwarz 

or Chebyshev apparently, Jensen inequality is restricted to a separate world. 

Jensen inequality is so rarely used because people always think that it is not strong 

enough for difficult problems. However, there is an undiscoved field of inequalities 

where Jensen inequality becomes very effective and always gives us unexpected so

lutions. 

Example 4.1.3. Let a, b, c be positive real numbers. Prove that 

abc 
-;=~~ + + > 1. 
Ja2 + 8bc Jb2 + 8ac Je2 + 8ab -

(IMO 2001, A2) 

SOLUTION. Although this problem has been solved using HOlder, a proof by Jensen's 

inequality is very nice, too. WLOG, we may assume that a + b + e = 1 normalize. 

Because f(x) = Jx is a convex function, we obtain from Jensen's inequality that: 

a· f(a2 + 8be) + b· f(b2 + 8ea) + e· f(e2 + 8ab) 2 f(M) 

in which M = L a(a2 + 8bc) = 24abe+ L a3. It remains to prove that f(M) 2 1 or 
eye eye 

!vI ~ 1 or 

24abe+ 2: a3 ~ (La) 3 {=> L e(a - b)2 2 o. 
eye eye 

This last inequality is obvious. Equality holds for a = b = e. 

Example 4.1.4. Let a, b, e, d be positive numbers with sum 4. Prove that 

SOLUTION. Denote f(x) = (1 , then f is a convex function if x > O. According 
x x + 1) 

to Jensen inequality, we have 

abc d (ab + be + cd + da) 
- . feb) + - . fee) + - . fed) + - . f(a) > f , 4444- 4 

which can be rewritten as 

'" _a_ > _______ -64----~___:_:_ 
~ b2 + b - (ab + be + cd + da)2 + 4 (ab + be + cd + da) 
eye 



72 Chapter 4. The basic Inequalities -

I t remains to prove that 

64 8 
~--~--~--~~~~--~--~~~>--~----~--
(ab + bc + cd + da)2 + 4(ab + bc + cd + da) - ab + bc + cd + da 

{=} ab + bc + cd + da ::; 4 {=} (a - b + c - d)2 2: O. 

Equality holds for a = b = c = d = 1. 

Example 4.1.5. Suppose that a, b, c are positive real numbers. Prove that 

{;h {;f {;f 3 --+ --+ --<-. 
a+b b+c c+a - J2 

(Vasile Cirtoaje) 

SOLUTION. Notice that f(x) = ..jX is a concave function . According to Jensen in

equality, we have 

L ~ ~ a+c V ~ = L 2(a + b + c) . 
eye eye 

< ~ a + c 4a(a + b + c)2 
L 2(a + b + c) . (a + b)(a + c)2 = 
eye 

4a(a+b+c)2 

(a + b)(a + c)2 

~ 2a(a+b+c) 
L (a+c)(b+c)' 
eye 

It remains to prove that 

~ _a--,( a __ +_b_+---,c),- < ~ 
L (a+c)(b+c) - 4' 
eye 

After expanding, the inequality becomes 

Example 4.1.6. Let a, b, c be non-negative real numbers. Prove that 

abc 
-;=;:;:==;===;<: + ~ > 1. 
J4b2 + bc + 4c2 J4c2 + ca + 4a2 J4a2 + ab + 4b2 -

(Pham Kim Hung, Vo Quoc Ba Can) 



• 
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SOLUTION. We may assume that a + b + c = 1. Because f(x) 

function, according to Jensen inequality, we have 

Jx is a convex 

where 

M = a(4b2 + bc+ 4C) +b(4c2 + ca + 4a2) + c(4a2 + ab+4b2) = 4 L ab(a+ b) + 3abc. 
eye 

It suffices to prove that f(M) 2 1 or M ~ 1. It's certainly true because 

1 - M = (L a) 3 - 4 L abe a + b) - 3abc = La 3 
- L abe a + b) + 3abc 

eye eye eye eye 

= II abc - II (a + b - c) 2 o. 
eye eye 

Equality holds for a = b = c and a = 0, b = c up to permutation. 

Example 4.1.7. Let a,b,c be positive real numbers. Prove that 

J 4a + ~b + c + J 4b + !c + a + J 4c + ~a + b ~ 1. 

(Pham Kim Hung) 

SOLUTION. Notice that f(x) = ..;x is a concave function, therefore by Jensen in

equality we have 

'" J a '" (4a + 4c + b) 
L 4a+4b+c - L 9(a+b+c) 
eye eye 

81a(a + b + c)2 
(4a + 4b + c)(4b + 4c + a)2 

< '" (4a + 4c + b) 81a(a + b + c)2 
L 9 (a + b + c) . (4a + 4b + c) (4a + 4c + b)2 
eye 

L 9a(a + b+ C) 
(4a + 4b + C) (4a + 4c + b) . 

eye 

WLOG, we may assume that a + b + c = 1. It remains to prove 

'" 9a(a+b+c) <1 
L (4a + 4b + c)( 4a + 4c + b) -
eye 
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or equivalently 

9 (La2 + 8 Lab) < II(4 - 3a) ¢:} 18 Lab + 27abc ~ 7, 
eye eye eye eye 

1 1 
which is certainly true because L ab ~ '3 and abc ~ 27' 

eye 

Example 4.1.8. Let a, b, c be positive real numbers such that a2 + b2 + c2 = 3. Prove 

that 

J a2 + ~2 + 1 + J b2 + !2 + 1 + j c2 + ~2 + 1 ~ V3. 

(Pham Kim Hung) 

SOLUTION. Applying Jensen inequality for the concave function f(x) = yX, we have 

J a a
2 + c2 + 1 

L a2 + b2 + 1 = L 3(a2 + b2 + c2 ) . 

9a(a2 + b2 + c2)2 

eye eye 

< 
a2 + c2 + 1 9a(a2 + b2 + c2 )2 

L 3 (a 2 + b2 + c2 ) • (a 2 + b2 + 1) (a 2 + c2 + 1) 2 
eye 

~ 3a(a2 + b2 + c2) 
~ (a 2 + b2 + 1)(a2 + c2 + 1)' 

1 t remains to prove that 

This inequality can be reduced to 

eye eye eye 

By AM-GM, we have a2 b2 c2 ~ 1, so it's sufficient to prove that. 

L(2a4 
- 3a3 + 12a -11) ~ 0 ¢:} L(a2 -1) (2a2 

- 3a + 2 + a 9 1) ~ O. 
eye eye + 

Because this last inequality is symmetric, we can assume that a > b> c, Denote 

2 9 2 9 2 9 
Sa = 2a - 3a + 2 + --, Sb = 2b - 3b + 2 + --, Se = 2c - 3c + 2 + --

a+1 b+1 c+1' 
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If b ~ 1 then a + b ~ 1 + .J2 and (a + 1)(b + 1) ~ 2 (1 + Vi) . It implies 

9 
Sa - Sb = 2(a + b) - 3 - (a + 1)(b + 1) ~ O. 

75 

Certainly Sb - Se ~ 0, so we conclude that Sa ~ Sb ~ Se. By Chebyshev inequality, 

we obtain 

If b 2 1 then we also have Sa - Se ~ 0 and Sb - Se ~ 0 (because c ~ 1). It implies 

eye 

Equality holds for a = b = c = 1. 

In fact, the weighted Jensen inequality has, to some extent, much secrets . It's still 

rarely used nowadays but once used, it always shows a wonderful solution. Problems 

and solutions above, hopefully, convey to you a certain way of using this special 

approach; it should be contemplated more by yourself. 

• 
In the following pages, we will discuss a new way of applying convex functions to 

inequalities. We will use convex functions to handle inequalities whose variables are 

restricted in a fixed range [a, b]. 

4.2 Convex Functions and Inequalities with Vari

ables Restricted to an Interval 

In some inequalities, variables are restricted to a certain interval. For this kind of 

problems, Jensen inequality appears to be especially strong and useful because it 

helps determine if the variables are equal to the boundaries or not, for the minimum 

of an expression to be obtained. 

Example 4.2.1. Suppose that a, b, c are positive real numbers belonging to [1,2]. 

Prove that 

(MYM 2001) 
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SOLUTION. Let's first give an elementary solution to this simple problem. Since 

a, b, c E [1,2]' if a 2 b 2 c then 

a3 + 2 < 5a ~ (a - 2)( a2 + 2a - 1) ~ 0 (1) 

5a+b3~5ab+I ~(b-l)(b2+b+I-5a)~O (2) 

5ab + c3 ~ 5abc + 1 ~ (c - 1) (c2 + c + 1 - 5ab) ~ 0 (3) 

The above estimations are correct because 

b2 + b + 1 < a 2 + a + 1 < 2a + a + 1 < 5a, - - -

c2 + c + 1 ~ a2 + a + 1 ~ 5a ~ 5ab. 

Summing up the results (1), (2) and (3), we get the result . Equality holds if a = 2, b = 
c = 1 and permutations. 

Example 4.2.2. Suppose that a, b, c are positive real numbers belonging to [1,2]. 

Prove that 

(1 1 1) (a + b + c) - + - + - <10. 
abc 

(Olympiad 30-4, Vietnam) 

SOLUTION. The inequality can be rewritten as 

abc b c a 
- + - + - + - + - + - < 7. 
b c a a b c-

WLOG, we may assume that a 2 b 2 c, then 

(a - b)(a - c) 2 0 
{

a a b 
-+1>-+-

=} c -b c 
c c b 
-+1>-+-
a - b a' 

which implies that 
abc b a c 
- + - + - + - < - + - + 2. 
b c b a-c a 

We conclude 

abc b c a (a C) (a - 2c)(2a - c) 
=?-+-+-+-+-+-<2+2 -+- =7- <7 

b c a abc - c a ac-

because 2c ~ a 2 c. Equality holds for (a, b, c) = (2,2,1) or (2,1,1) or permutations. 

Comment. Here is the general problem. Its solution is completely similar to that of 

. the previous problem. 
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* Suppose that p < q are positive constants and all a2, ... , an E [p, q]. Prove that 

where kn = n 2 if n is even and n 2 -1 if n is odd. 

The key feature of the previous solution is the intermediate estimation (estimate 

that if a 2: b 2: c then (b-a)(b-c) :S 0). Because they are so elementary and simple, a 

high-school student can comprehend them easily. But what happens to the following 

inequality? Can the previous method be used? Let's see. 

Example 4.2.3. Let Xl! X2, ... , X2005 be real numbers belonging to [-1,1]. Find the 

minimum value for the following expression 

SOLUTION. Because this inequality is cyclic, not symmetric, we can not order variables 

as. If we rely on the relation (Xi - l)(xi + 1) :S 0, we won't succeed either. 

By intuition, we feel that the expression will attain its maximum if in the sequence 

(Xl. X2, ... , X2005), 1 and -1 alternate. In this case 

P = 1 . (-1) + (-1) . 1 + ... + (-1) . 1 + 1 . 1 = -2003. 

An accurate proof of this conjecture is not so obvious. Although the following solution 

is simple, it's really hard if you don't have some knowledge of convex functions is never 

generated in your mind. 

First, we notice that if X E [p, qj then each linear function f(x) = ax + b or quadratic 

function f(x) = x2 + ax + b has the following important property 

max f(x) = max{f(p), f(q)}. 
xElp,q] 

A linear function satisfies another condition 

min f(x) = min{f(p).J(q)}. 
xElp,ql 

Notice that P = P(Xl) is a linear function of Xl, therefore, according to properties of 

linear functions, P can attain the minimum if only if Xl E {-I, I}. Similarly, for the 

other variables, we deduce that P attains the minimum if and only if Xk E { -1, I} for 

• 
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each k = 1,2, ... , 2005. In this case, we will prove that P ~ -2003. Indeed, there must 

be at least one index k (k E N.l :::; k :::; 2005) for which XkXk+l ~ O. That implies 
n 

XkXk+l = 1 and therefore L XiXi+l ~ -2003. 
k=l 

Comment. By a similar approach, we can solve a lot of inequalities of this kind such 

as 

* Let XI. X2, ... , Xn be real numbers belonging to [-1,1]. Find the minimum value 

of 

* Let Xl, X2, ... , Xn be real numbers belonging to [0, 1]. Prove that 

For what kind of functions does this approach hold? Of course, linear function is 

an example, but there are not all. The following lemma helps, determine a large class 

of such functions. 

Lemma 4. Suppose that F(XI, X2, ... , Xn) is a real function defined on [a, b] x [a, b] x 

... x [a, b] c IRn (a < b) such that for all k E {I, 2, ... ,n}, if we fix 71. - 1 variables 

Xj(j "# k) then F(XI, X2, ... , Xn) = f(Xk) is a convex functi.on of Xk. F attains its 

minimum at the point (0:1. 0:2, ... , O:n) if and only if D:.i E {a, b} Vi E {I, 2, ... ,n}. 

SOLUTION. In fact, we only need to prove that if f(x) is a real convex function defined 

on [a, b] then for all X E la, b], we have 

f(x) :::; max{f(a), f(b)}. 

Indeed, since {ta + (1 - t)blt E [0, I]) = ra, b], for alJ X E [a, b], there exists a number 

t E [0,1] such that X = ta + (1- t)b. According to the definition of a convex function, 

we deduce that 

f(x) :::; tf(a) + (1- t)f(b) :::; max{f(a),f(b)}. 

With this lemma, iIi problems like example 4.2.3., we only need to check the 

convexity / concavity of a multi-variable function as a one-variable function of Xk, 

(k = 1,2, ... ,71.). Here is an example. 
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Example 4.2.4. Given positive real numbers Xl, X2, ... , Xn E [a, b], find the maximum 

value of 

(Mathematics and Youth Magazine) 

SOLUTION. Denote the above expression by F. Notice that F, represented as a func

tion of Xl (we have already fixed other variables), is equal to 

f(x.) = (n - l)x;- 2 (t, Xi) Xl + C 

in which c is a constant. Clearly;- f is a convex function (J"(X) = 2(n - 1) 2 0). 

According to the above lemma, we conclude that F attains the maximum value if and 

only if Xi E {a,b} for all i E {l,2, ... ,n}. Suppose that k numbers Xi are equal to a 

and (n - k) numbers Xi are equal to b. In this case, we have 

F = n (t,x;) -(t, Xi) , = nka'+n(n-k)b'-(ka+(n-k)b)' = k(n-k)(a-b)'. 

We conclude that 

{

m 2 (a - bf if n = 2m, mEN, 
max(F) = 

m(m + l)(a - b)2 if n = 2m + 1, mEN. 

Example 4.2.5. Let n EN. Find the minimum value of the following expression 

f(x) = 11 + xl + 12 + xl + ... + In + xl, (x E JR). 

SOLUTION. Denote I] = [-1, +(0), In + l = (-00, -n] and h = [-k, -k + 1] for each 
n n n(n - 1) 

k E {2,3, ... ,n}. Ifx E h then f(x) = i~l(l +x) 2 i~l(i -1) = 2 = f(-l). If 

11 n n(n -1) 
x E In then f(x) = i~I(-l- x) ~ i~(-i + n) = 2 = f(-n). 

Suppose x E h with 1 < k < n + 1, then 

k-l n 

f(x) = - L(i + x) + L(i + x) 
i=l i=k 

is a linear function of x, therefore 

min f(x) = min{f( -k),f( -k + 1)}. 
xE!,. 
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This result, combined with the previous results, implies that 

min f(x) = min{f(-l), f( -2), ... , f( -n)}. 
XEIR 

After a simple calculation, we have 

1 
f(-k) = (1 + 2 + ... + (k -1)) + (1 + 2 + ... + (n - k)) = Z(k2 + (n - k)2 + n), 

which implies that 

. . k 2 + (n - k)2 + n {m(m + 1) if n = 2m (m EN). 
nun f(x) = nun = 
XER l~k~n 2 (m+1? ifn=2m+1 (mEN). 

Why does this approach make a great advantage? It helps us find the solutions 

immediately. It takes no time to try intermediate estimations, because everything we 

need to do is check the boundary values. 

Sometimes, variables may be restricted not only in a certain interval but also by 

a mutual relationship. In this case, the following result is significant 

Lemma 5. Suppose that f(x) is a real convex function defined on [a, bJ E IR and 

Xl, X2, ... , Xn E [a, bJ such that Xl + X2 + ... + Xn = S = constant (na ::; s ::; nb). 

Consider the following expression 

F attains the maximum value if and only if at least n - 1 elements of the sequence 

(Xl, X2, .. , xn) are equal to a or b. 

SOLUTION. Notice that this lemma can be obtained directly from its case n = 2. In 

fact, it's sufficient to prove that: if X, Y E [a, b1 and 2a ::; X + y = s ::; 2b then 

{ 

f(a) + f(s - a) if s < a + b. 
f~)+f~)::; -

feb) + f(s - b) if s 2 a + b. 

Indeed, suppose that s ::; a + b, then s - a ::; b. Because X E [a, s - a], there exists a 

number t E ro, 11 for which X = ta + (1 - t)(s - a). That gives y = (1 - t)a + t(s - a) . 

By the definition of a convex function, we have f(x) :S tf(a) + (1 - t)f(s - a) and 

fey) ::; (1- t)f(a) + tf(s - a). Adding up these results, we conclude 

f(x) + fey) ::; f(a) + f(s - a). 
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In the case s ~ a + b, the lerruna is proved similarly. 

v 

Now look at some familiar problems that turn out to be simple by this theorem. 

Example 4.2.6. Let aI, a2, ... , an be positive real numbers belonging to [0,2J such that 

al + a2 + ... + an = n. Find the maximum value of 

SOLUTION. Applying the above lerruna to the convex function f(x) = x 2 , we get that 

S attains the maximum if and only if k numbers are equal to 2 and n - k - 1 numbers 

are equal to o. In this case, we have S = 4k + (n - 2k)2. Because aI, a2, ... , an E [0,2], 

we must have 0 ::; n - 2k ::; 2. 

If n = 2m (m E N) then n - 2k E {O, 2}. That implies max S = 4m = 2n. 

If n = 2m + 1 (m E N) then n - 2k = 1. That implies max S = 4m + 1 = 2n + 1. 

v 

Example 4 .2.1. Suppose that a, b, c E [0,2] and a + b + c = 5. Prove that 

·SOLUTION. Suppose that a ::; b ::; c. According to lemma 5, we deduce that a2 +b2 +c2 

attains the maximum if and only if a = 0 or b = c = 2. The first case a = 0 is rejected 

because so, 4 ~ b + c = 5 is a contradiction. In the second case, we have a = 1 and 

therefore max{a2 + b2 + c2} = 12 + 22 + 22 = 9. 

v 

Example 4.2.S. Let aI, a2, ... , a2007 be real numbers in (-1, 1] such that al + a2 + 

.. . + a2007 = O. Prove that 

a~ + a~ + ... + a~007 ::; 2006. 

SOLUTION. Applying lemma 5, we deduce that the expression a~ + a~ + ... + a~007 
attains the maximum if and only if k numbers equal 1 and n - k - 1 numbers equal 

• 
-1. k must be 1003 and the last number must be 0, so we deduce that 

a~ + a~ + ... + a~007 ::; 2006. 

v 
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Example 4.2.9. Let XbX2, ... ,Xn be real numbers in the interval [-1,1] such that 

x~ + x~ + ... + x~ = O. Find the maximum value of Xl + X2 + ... + Xn · 

(Tran N am Dung) 

SOLUTION. We denote ai = x~ for all i E {I, 2, ... , n}, then al + a2 + ... + an = O. 

Notice that the function f(x) = Vx is concav(' if x ~ 0 and convex if X ~ O. It's easy 

to get (as in lemma 5) 

{ 

f (-1) + f (x + y + 1) if x, y E [-1, 0]. 

l(x)+/(Y)~ 2/(x~y) ifx,YE[O,l[. (1) 

Now suppose that there are two numbers x, y of the xi's such that x < 0 < y then 

{ 
f ( -1) + f (x + y + 1), if x + y ~ O. 

f(x) + f(y) ~ 
f(O)+f(x+y), ifx+y~O. 

(2) 

According to (1), we deduce that if al,a2, ... ,ak are all non-positive terms of the 

sequence (ai, a2, ... , an), then 

~f(a,) ~ (k -1)/(1) + 1 (t,a, + k -1) , 
which implies that we can change k - 1 non-positive numbers to -1 to make the sum 

k 

L f(ai) bigger. Moreover, if ak+l,ak+2, ... ,an are non-negative then 
i=l 

That means we can replace all non-negative numbers with their arithmetic mean 
n 

to make L f(ai) bigger. However, we can make only k - 1 non-positive numbers 
i=k+l 

equa1 to -1; there is always one non-positive nUJillber left. Suppose that this number 
n 

is ak. Because L ai = 0, there is one non-negative number, sayan . According to (2), 
i=l 

because ak ~ 0 ~ an, we can replace (ak,an ) with (-l,ak + an + 1) if ak + an ~ 0 

(ak +an + 1 ~ 0) and with (0, ak +an ) if ak +all ~ O. After this step, the new sequence 

has all k non-negative elements equal to -1. Therefore 

t, f(a,) ~ g(k) = kf(-l) + (n - k)f (n: k) = {/k(n - k)'- k. 
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n 
Notice that the derivative g'(k) has only one root k = g' so we conclude that the 

n n 
maximum of the expression L f(ai) or L Xi is 

i=l i=l 

maJ< { ~[~]. (n - [%])' - [%] , ~ ([%]-1) . (n - [%]-1) 2 - [~]- I} . 



• 



Chapter 5 

Abel Formula and 

Rearrangement Inequality 

5.1 Abel formula 

In the following pages, we will discuss an identity that closely relates to many problems 

in mathematics contests, In the field of inequality this identity has its best effect. It's 

called Abel formula. 

Theorem 8 (Abel formula). Suppose that (Xl, X2, .. " xn) and (YI. Y2, .. " Yn) are two 

sequences of real numbers, Denote Ck = YI + Y2 + .. , + Yk (k = 1, 2, , .. , n), then 

PROOF, We certainly have 

From this theorem, the following result can be obtained directly 

Example 5.1.1 (Abel inequality). Let Xl, X2, .. " Xn and Yl ~ Y2 ~ ... ~ Yn ~ 0 be 
k 

real numbers. For eack k E {I, 2, .. " n}, we denote Sk = I: Xi' Suppose that M = 
i=l 

my I =:; XIYl + X2Y2 + ... + XnYn =:; M YI· 

85 
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SOLUTION. Since both two parts of the inequality can be proved similarly, we only 

need to show the solution to the left inequality. Let Yn+1 = O. By Abel formula 

n n n 

L XiYi = L(Yi - Yi+l)Si ~ L m(Yi - YHI) = mYl· 
i=l i=l i=l 

Inequalities solved by Abel formula often appear in sophisticated conditions that 

makes them difficult to solve by other methods. Here are some examples. 

Example 5.1.2. Let a l, a2, .. , an and bI ~ b2 2: ... ~ bn ~ 0 be positive real numbers 

such that ala2 ... ak ~ blb2 ... bk 'tfk E {1,2, ... ,n}. Prove the following inequality 

SOLUTION. By Abel formula, we deduce that 

n n n ( ) 
'""' a· - '""' b· = '""' b· a

i
_ I L- t L t L t b. 

i=l i=I i=l t 

= (bI - b2) (~: - 1) + (b2 - b3) (~~ + ~: - 2) + ... 

+ (bn-1-bn) (~~: -n+l) +bn (t~: -11) 20, 

because AM-G M inequality yields that for all k E {I, 2, ... , n} 

al + a2 + ... + ak > k k ala2···ak > k. 
bI b2 bk - bI b2 ... bk -

V 

Example 5.1.3. Let Xl,X2, .. ,Xn be positive real numbers such that 

Xl + X2 + ... + Xk 2: Vk 'tfk E {I, 2, ... ,n}. 

Prove the following inequality 

Xl + x2 + ... + Xn 2 - 1 + - + - + ... + - . 2 2 2 1 ( 1 1 1) 
4 2 3 n 

(USA MO 1994) 

SOLUTION. WLOG, assume that Xl 2: X2 ~ ... ~ Xn . For each k E {I, 2, ... , n}, let 
1 

bk = Vk. We will first prove that 

n n 

2Lx; ~ LXibi. 
i=I i=I 

• 



5.0. Abel formula and Rearrangement inequality 87 

n n 

and then, 2 L Xibi 2 L b;' 
i=1 i=l 

By Abel formula, we have 

n 

L Xi(2x i - bi) = (Xl - X2)(2x l - bd + (X2 - x3)(2xl + 2X2 - b1 - b2) + ... 
i=1 

k k 

Becaus(> xk ~ Xk+l VA: E {1,2, ... ,n}, so we only need to prove that 2 L X i 2 L bi' 
i=1 i=l 

By hypothesis, it's enough to prove that 

k 
1 

2:../l ~ 2Vk. 
i=l ~ 

However, this last inequality is dearly true because 

k 1 k 2 k . 8 ../l ~ 8 -Ii + vIi=T = 2 t; ( VI - vIi=T) = 2Vk. 

V 

Also by A be formula, 

bn ~ bk + l , (V) k E {1,2, ... ,n}, so all terms are positive, 

Exmnple 5.1.4. Let aI, a2, .. " an and bl , b2, ... , bn be real numbers such that 

Prove the following inequality 

(Improved Chebyshev inequality) 
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SOLUTION. For each k E {I, 2, ... , n}, we denote Sk = a1 + a2 + ... + ak and bn+1 = O. 

By Abel formula, we have 

According to Abel formula again, we have 

. 8 1 82 8 n . h 
By hypothesIs, we have T 2 2 2 .. · > -;-' so It'S enough to prove t at 

k 

L bi 2 kbk +1 'Vk E {I, 2, ... , n -I}. 
i=1 

This one comes directly from the hypothesis 

1 k 1 k+l 
- "" b· > - "" b·. k L1 -k+IL1 

i=1 i=1 

• 
Example 5.1.5. Let Xl, X2, ... , Xn be real numbers such that Xl 2 X2 2 ... 2 Xn 2 
Xn+1 = O. Prove the following inequality 

n 

JXI + X2 + ... + Xn ~ L Ji(.;x; - JXi+d· 
i=1 

(Romania MO and Singapore MO) 

SOLUTION. Denote Ci = Vi - vz=-r and ai = .,fXi. The inequality becomes 

n 
Suppose that bl , b2 , ... , bn are positive real numbers satisfying L b~ = 1 and 

i=1 

(t a:) (t b;) = (t aibi ) 

2 

(the sequences (aI, a2, ... , an) and (b l , b2, ... , bn) are 
1=1 1=1 1=1 

proportional). We need to prove that 
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By Abel formula, the above inequality can be changed into 

n 

i=l 

which is true because for all k = 1,2, ... , n. 

k k k 

L Ci - L bi = Vk - L bi ~ .Jk -
i=l i=1 i=l 

Example 5.1.6. Let all a2, ... , an and b1 ~ ~ < ... ~ bn be real numbers such that 

a~ + a~ + ... +a~ ~ bf + b~ + ... +b~ Vk E {l,2, ... ,n}. Prove that 
• 

SOLUTION. We prove this problem by induction. Case n = 1 is obvious. Suppose 

that the problem has been proved for n numbers already. We will prove it for n + 1 

numbers. Indeed, by Cauchy-Schwarz, we deduce that 

n+1 n+1 n+1 n+1 
By hypothesis that L a; ~ L b;, so L b; ~ L aibi ' According to Abel formula, 

i=l i=1 i=1 i=l 

n+1 
o ~ I: bi(bi - ai) =(b1 - b2)(b1 - ad + (b2 - b3)(b1 + b2 - a1 - a2) + ... 

i=l 

In the sum above, every term except the last one is non-positive (because for all 
k k 

k E {I, 2, ... , n} we have bk~bk+1 and L bi ~ L ai, by inductive hypothesis). So we 
i=l i=l 

must have that 

n+1 n+1 

~ 0 ¢:} L bi ~ L ai · 
i=l i=l 

Comment. The following stronger result, proposed by Le Huu Dien Khue, can be 

proved directly (without induction) by Abel formula 
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* Let aI, a2, ... , an and bl :::; b2 :::; ... :::; bn be real numbers such that ai +a~ + ... + 
a~ :::; bi + b~ + ... + b~ 'Vk E {I, 2, ... , n}. Prove that 

Example 5.1.7. Let -1 < Xl < X2 < ... < Xn < 1 and Yl < Y2 < .,. < Yn be real 

numbers SHch that Xl + X2 + ... + Xn = X~ 3 + x~3 + ... + x~3. Prove that 

(Russia M 0 2000) 

SOLUTION , According to Abel formula, we note that 

n 

LYi (xP - Xi) = (Yl - Y2) (xt3 - xI) + (Y2 - Y3) (xt3 + x~3 - Xl - X2) + ... 
i=l 

Because Yk :::; Yk+l Vk E {I, 2, .. " n - I}, we only need to prove that 

k k k 

LXP 2 LXi ¢:} L xd x ;2 -1) 20, 
i=l i=l i=l 

Applying Abel formula again, we have 

k 

I: Xi (X;2 -1) = (Xl- X2) (x~2 -1) -I- (X2 - X3) (xi2 +x~2 -2) + .. , 
i=l 

j 

Notice that Xi E [-1,1]' 'Vi E {I,2, ... ,n} so Lx}2 s:.j 'Vj E {l,2, ... ,k} . Moreover, 
i=l 

beca.use Xl S:. X2 S:. .. . S:. Xk, every term in the above sum except the last term is 

non-negative. If Xk S:. 0, we are done. Otherwise, suppose that Xk 2 0, then Xi 2 
o 'Vi 2 k + 1. This implies (by hypothesis) 

n n k k 

L xf3 S:. L Xi => I:x;3 2 I: Xi· 

i=k+l i=k+l i=l i=l 
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Problems solved by Abel formula as above are a bit unusual. The strength of 

Abel formula is shown in inequalities with sequences, where other methods fail. Abel 

formula is also significant in the proof of a very important inequality that will be 

discussed now, rearrangement inequality . .. 
5.2 Rearrangelnent Inequality 

Theorem 9 (Rearrangement Inequality). Let (al.a2, ... ,an ) and (bl,b2, ... ,bn ) be two 

increasing sequences of real numbers. Suppose that (il. i 2 .... , in) is an arbitrary per

mutation of (1, 2, ... , n), then 

If the sequence (aI, a2, ... , an) is increasing but the sequence (bl , b2, ... , bn ) is decreasing 

then the sign of the above inequalit·y is reversed. 

PROOF. Notice that al $ a2 $ ... $ an and bl $ b2 $ ... $ bn , so according to Abel 

formula, 
n n n 

L akbk - L akbik = L ak(bk - bik ) 
k=l k=l k=l 

= (al - a2)(bl - bil) + (a2 - ab)(bl + b2 - bil - bi2 ) + ... 

(an-l -an) (~bk -~b'.) +an (~bk -~b'.) ~ 0, 

If k 

because for 8.11 k E {l, 2, ... , n}, we have L bj $ L bi;-
j=l j=l 

The theorem is proved similarly in the case with (all a2, ... , an) increasing but 

(bl. b2 , ... , bn ) is decreasing. 

In practice, Rearrangement inequality is strong. It can help prove AM-GM 

inequality in a single way. 

Example 5.2.1. Let aI, a2,'" an be positive real numbers. Prove that 

Xl 
SOLUTION. WLOG, assume that ala2 ... an = 1 (normalization). Let al = -,a2 = 

X2 
X2 Xn-l Xn Th bl b -, ... ,an-l = --, XI,X2, ... ,Xn > 0, then an = -. e pro em ecomes 
X3 Xn Xl 

Xl X2 Xn-l Xn > - + - + ... +--+- _ n. 
X2 X3 Xn Xl 
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Notice that if the sequence (Xl, X2, ••• , xn) is increasing then the sequence 

(:1 ' :2' ... , x1n) is decreasing. By Rearrangement inequality, we conclude that 

For cyclic inequalities, Rearrangement inequality seems to be very effective. 

Sometimes it's not easy to realize the use of Rearrangement inequality because it 

is hidden after the normal order of variables is changed into chaos. Being aware of 

Rearrangement inequality in a problem requires a bit more intuitive ability then 

for other inequalities. The following problems will, hopefully, enhance that ability. 

Example 5.2.2. Suppose that a, b, e are the side-lengths of a triangle. Prove that 

(lMO 1984, A3) 

SOLUTION. Because a, b, e are the side-lengths of a triangle, a 2: b implies a2 + be 2: 
b2 + ca. By this property, we deduce that if a 2: b 2: e then a2 + be 2: b2 + ca 2: e2 +ab; 

1 1 1 
also, - $ -b $ -. According to Rearrangement inequality, we conclude that 

a e 

~ a2 + be ~ a2 + be L be L a
2 L 2 2 L 3 L --- $ L :::} - $ - =} a b $ a b, 

a e a e 
eye eye eye eye eye eye 

which is equivalent to the desired result. Equality holds for a = b = e. 

Example 5.2.3. Let a, b, e be positive real numbers. Prove that 

a2 + be b2 + ca e2 + ab 
b + + b >a+b+e. +e e+a a+-

SOLUTION. Applying Rearrangement inequality for the sequences (a 2 , b2 , e2 ) and 
111 

(-b -, --, --b) (if a 2: b 2: c, then these are both increasing), we get that 
+c c+a a+ 

which implies that 



5.0. Abel formula and Rearrangement inequality 93 

Example 5.2.4. Let a, b, c be positive real numbers. Prove that 

a+b a+c b+c abe --+--+-- < -+-+-. 
a+e b+c a+b-b e a 

(Math links Contest) 

SOLUTION. The inequality can be rewritten to 

Consider the expressions P = L b(b
ae 

) and Q = L (bbe ). By Rearrangement 
eye + e eye a + e 

inequality, we deduce that 

Q = L be . _1_ < L ae . _1_ = P. 
a b+e- b b+e 

eye eye 

Moreover, by Cauchy-Schwarz inequality, we can write 

PQ?' (L_a )2 
a+e eye 

and therefore (because P ? Q) we have P ? L _a_. The proof is finished and the 
eyca+c 

equality occurs if and only if a = b = e. 

Comment. This inequality can be proved by another nice approach. Indeed, notice 

that for all positive real numbers a, b, e > 0, we have 

abe (a - b)2 (a - e)(b - e) 
-+-+--3= + . b e a ab ae 

WLOG, assume that c = min(a, b, c). Rewrite the inequality to .. 
-- a-b + -- a-e b-e >0 [1 1] 2 [1 1] 
ab (a+e)(b+c) ( ) ac (a+c)(a+b) ( )( )-

which is obvious because e = min(a, b, e). 

Example 5.2.5. Let a, b, e be positive real numbers. Prove that 

a + b b + e e + a (a + b + e)2 -- + -- + -- < ....:.....----.:...
b+c e+a a+b - ab+be+ca 
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SOLUTION. The inequality is equivalent to 

L 
(a + b )( a (b + e) + be) ( b ) 2 

b < a+ +c +e -
eye 

<=? La(a + b) + L be~a++eb) ~ (a + b + e)2 
eye eye 

.. ~ (b~ e) (a +b):S ab +be + ca. 

This last inequality is true Ly Rearrangement inequality because if x 2: y 2: z then 

xy xz yz 
x+y2:x+z2:y+z ; -1--2-~-2:-+ j x- y x,-z y z 

Equality holds for a = b = c. 

Example 5.2.6. Let a, b, c, d be non-negative real numbers such that a+b+c-t·d = 4. 

Prove that 

(Song Yoon Kim) 

SOLUTION. Suppose that (x, y, z, t) is a permutation of (a, b, c, d) such that x 2: y 2: 

z 2: t, then xyz 2: xyt > xzt ~ yzt. By Rearrangement inequality, we deduce that 

According to AM-GM inequality, we also have 

x· xyz + y. xyt + z· xzt + t· yzt = (xy + zt)(xz + yt) 

~ ~(Xy + xz -I- yt + zt)2 ~ 4, 

1 . 
because xy + yz + zt + tx = (x +z)(y +t) ~ 4(x + y + z + t)2 = 4. EqualIty holds for 

a = b = e = 1 or a = 2, b = e = 1, e = 0 up to permutation, 

Example 5.2.7. Let a, b, e, d be positive real numbers. Prove that 
• 

( 
a )2 ( b )2 ( e )2 ( d )2 4 

a+b+c + b+e+d ~ e+d+a + d+a+b 2: g' 
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(Pham Kim Hung) 

SOLUTION. WLOG, we may assume that a+b+c+d = 1. Suppose that (x,y,z,t) is 

a permutation of (a, b, c, d) such that x ~ y ~ z ~ t, then 

1 1 1 1 
----< < <---
x+y+z-x+y+t-x+z+t-y+z+t 

By Rearrangement inequality, we deduce that 

x 2 t2 

Denotp m = x + t, n = xt and s = ( )2 + ( )'1 ' Certainly, we only need to 
1-t l-x~ 

consider the case s < ~. If Tn = 1 t.hen y = z = 0 and the resull is obvious because -2 . 

x 2 y2 z2 t 2 x 2 t2 
-:-----:-::- + + + = - + - =2 (1 - t) 2 (1 - z) 2 (1 - y)2 (1 - x) 2 x 2 t2 . 

1 
Otherwise, we have m < 1 and s::; 2' After a short computation, we have 

n 2(2 - s) - 2n(m -1)(2m -1 - s) + (m _1)2(m2 
- s) = O. 

This identity says tila,1; the function f(n) = o2(2-s) -2o:(m-1)(2m-l-s) + (m-

1)2(nt2 - 8) has at least one root C\: = n. That implies 

or equivalently 
-2m2 +4m-1 

s > --:-----:;:---
- (2-m)2 

2 2 
Similarly, we denote p = y + z and t = ( y )2 + ( Z )2' The inequality is obvious ] -z 1-y 

if t ~ ~ or p = L Otherwise, 

It remains to prove that 

_2p2 + 4p -] 
t > -..:...,----,-;:--

- (2 - p)2 

-2m2 + 4m -1 1 - 2m2 4 (2m -1)2(11 + 10m -10m2
) > 0 

----:-----:-."...---+ >-<* 
(2 - m)2 (m + 1)2 - 9 (2 - m)2(m + 1)2 -, 

which is clearly true. Equality holds for a = b = c = d , 



• 
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According to hypothesis xy + yz + zx = I, so we will figure out a number l such that 

2l = J2(k -l). A simple calculation reveals l = -1 + VI + 8k, and therefore the 
4 

final result 

k(x2 + y2) + Z2 ~ -1 + ~1 + 8k. 

Comment. The following more general problem can be solved by the same method. 

* Suppose that x, y, z are positive real numbers verifying xy + yz + zx = 1 and 

k,l are two positive real constants. The minimum value of the expression 

is 2to, where to is the unique positive real root of the equation 

2t3 + (k + l + l)t - kl = O. 

By the same method, we will solve some other problems regarding intermediate 

variables. 

Example 6.1.2. Let x, y, z, t be real numbers satisfying xy + yz + zt + tx = 1. Find 

the minimum of the expression 

SOLUTION. We choose a positive number l < 5 and apply AM-GM inequality 

lx2 + 2y2 ~ 2V2lxy, 

2y2 + lz2 ~ 2V2lyz, 

(5 -l)z2 + 1/2t2 ~ J2(5 - l)zt, 

1/2t2 + (5 -l)x2 ~ J2(5 -l)tx. 

Summing up these results, we conclude that 

5x2 + 4y2 + 5z2 + t2 ~ 2V2l(xy + tz) + J2(5 -l)(zt + tx). 

The condition xy + yz + zt + tx = 1 suggests us to choose a number l (0 :S l :S 5) 

such that 2V2l = J2(5 -l). A simple calculation yields l = I, thus, the minimum of 

5x2 + 4y2 + 5z2 + t2 is 2../2. 

Comment. The following general problem can be solved by the same method 

• 
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* Let x, y, z, t be arbitrary real numbers. Prove that 

Example 6.1.3. Let x, y, z be positive real numbers with sum 3. Find the minimum 

of the expression x 2 + y2 + z3. 

(Pham Kim Hung) 

SOLUTION. Let a and b be positive real numbers. By AM-GM inequality, we have 

y2 +a2 ~ 2ay, 

z3 + b3 + b3 ~ 3b2 z. 

Combining these results yields that x 2 +y2 +z3 +2(a2 +b3 ) ~ 2a(x+y) +3b2z, with 

equality for x = y = a and z = b. In this case, we could have 2a+b = x+y+z = 3 (*). 

Moreover, in order for 2a(x + y) + 3b2z to be represented as x + y + z, we must have 

2a = 3b2 (**) . According to (*) and (**), we easily find out 

b = -1 + v'37 a = 3 - b = 19 - v'37 
6' 2 12' 

therefore the minimum of x 2 + y2 + z3 is 6a - (2a2 + b3 ) where a, b are determined as 

above. The proof is completed. • 

Generally, to handle difficult problems by this method, we need to construct a 

lot of equations then solve them. This work (solving systems of equations) can be 

complicated but unavoidable. The following example presents such a severe trial. 

Example 6.1.4. Let a, b, c be three positive constants and x, y, z three positive vari

ables such that ax + by + cz = xy z. Prove that if there exists a unique positive number 

d such that 
2 1 1 1 
d=a+d+b+d+c+d' 

then the minimum of x + y + z is 

Jd(d + a)(d + b)(d + c). 

(Nguyen Quoc Khanh, VMEO 2006) 
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SOLUTION. To avoid the complicated condition ax + by + cz = xyz, we will find the 

minimum of the following homogeneous expression 

(ax + by + cz)(x + y + z)2 
xyz 

Certainly, if the minimum of the above expression is equal to C then the minimum 

value of x + y + z is equal to C, too. 

Assume that m, n, P, mI, nl, PI are arbitrary positive real numbers such that m + n + 
P = amI + bnl + CPI = 1. By the weighted AM-GM inequality, we have 

ax -I- by + cz = amI (~) + bnI (.JL) + CPI (~) ~ xa: y:: z:: ' 
mi nl PI m~ lni lpl I 

xaml+2mybnl+2nZ2PI +2p 
~ (ax+by+cZ)(X+y+Z)2 ~ 2m 2n 2p ami bn l CPI' 

m n P m i n 1 PI 

with equality for ~ = J!.. = .:., ~ = .JL = ~. Moreover, we also need the condition 
m n P mi nl PI 

2m 2n 2p 
am! + 2m = bnI + 2n = CPI + 2p = 1. Denote k = - = - = -, then 

mi ni PI 

These conditions combined yield that 

Because d is unique, we must have k = d . After a simple calculation, we get that 

and the conclusion follows. 

Comment. This inequality is generalized from the following problem in the Vietnam 

TST 2001 proposed by 'fran Nam Dung 

* Let a, b, C be positive real numbers such that 12 ~ 21ab + 2bc + 8ca. Prove that 

1 2 3 15 -+-+- >-. abc - 2 

v 
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• 
In some situations, solving systems of equations to find intermediate variables is 

not at all real computing. Sometimes it completely depends on your own intuition, 

because solving these equations to find roots can be impossible. But you can guess 

these roots! That's what I want emphasize in the next example. 

Example 6.1.5. Let Xl. X2 • ...• Xn be positive real numbers. Prove that 

SOLUTION. Suppose that a 1. a2 • ...• an are positive real numbers. According to AM

GM inequality, we have 

Constructing similar result for all k E {I. 2, ... , n}. we conclude that 

n n 

L {1XIX2 ... Xk ~ L akxkrk, 
k=l k=1 

where 

I 1 1 
rk = k +) + ... + . 

{1aIa2 ... ak (k + 1 k+JaIa2 ... ak+1 n yfaIa2 ... an 

Finally. we will determine numbers (al. a2, ... , an) for which akrk ~ e "ilk E {1. 2 •... , n}. 

The form of rk suggests to find ak for which {ja!a2 ... ak can be simplified. Intuitively. 
kk 

we choose al = 1 and ak = (k _ I)k-I' With these values we have {1aIa2 ... ak = 

k "ilk E {I,2, .'" n}. Therefore. for all k> 1, we have 

For k = 1. we also have 

1 1 I 
aIr! = 12 + 22 + ... + n 2 ~ 2 ~ e. 



Chapter 6 

The Method of Balanced 

Coefficients 

In many problems, grouping terms in order to use classical inequalities is not easy, 

especially for non-symmetric inequalities. In these cases, the coefficients of similar 

terms are normally not equal to each other and therefore we not only have to use 

basic inequalities properly but als~ have to case take care of the equality so that this 

case is maintained throughout the solution. How should use deal with this matter? 

Generally, we need to use additional variables then solve the equations to find out the 

original variables in the end. This method is called the method of balanced coefficients. 

In order to see this important method at work, let's start with the following simple 

example 

Example 6.0.S. Let x, y, z be positive real numbers and xy +yz + zx = 1. Prove that 

SOLUTION. Let's first see a nice, short and a bit magic solution, before we give a 

general and natural solution. By AM-GM inequality, we deduce that 2x2 + 2y2 ~ 

4xy, 8x2 + lj2z2 ~ 4xz and 8y2 + lj2z2 ~ 4yz. Adding up these inequalities, we have 

lOx2 + lOy2 + z2 ~ 4(xy + yz + zx) = 4. 

97 
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Equality holds for 

x=y 

4x = z 

4y = z 

Chapter 6. The basic l1)equalities -

{

X = y = 1/3 

z = 4/3. 

This solution really needs to be examined. Some questions are posed: why could 

we separate 10 = 2 + 8? Is it lucky and accidental? Is it obvious? If we separate 10 in 

other ways, such that 10 = 3 + 7 or 10 = 4 + 6, do we go get the same final result? In 

fact, every other separation is not effective and the separation 10 = 2 + 8 is not lucky. 

Not surprisingly, we have already used the method of balanced coefficients, which is 

hidden in this apparently obvious solution. Let's continue with two major means of 

applying this method: balancing coefficients by AM-GM inequality and balancing 

coefficients by Cauchy-Schwarz inequality. 

6.1 Balancing coefficients by AM-GM inequality 

No matter how familiar you are with balancing coefficients, non-symmetric inequalities 

with a chaotic of coefficients always cause a lot of difficulties. Therefore, using this 

method deftly can help you avoid a lot 0 computations. The following general proof 

will explain how we got the solution in example 6.0.8. 

Example 6.1.1. Let k be a positive real number. Find the minimum of 

where x, y, z are three positive real numbers such that xy + yz + zx = 1. 

SOLUTION. We separate k = 1 + (k - l) (with the condition a :::; 1 :::; k) and apply 

AM-GM inequality in the following form 

lx2 + ly2 ~ 2lxy 

(k -l)x2 + 1/2z2 ~ J2(k -l)xz 

(k _l)y2 + 1/2z2 ~ J2(k -l)yz. 

These results, combined, yield that 
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6.2 Balancing coefficients by Cauchy-Schwarz and 

Holder inequalities 

A great difference between Cauchy-Schwarz inequality, Holder inequality and 

AM-GM inequality is the case when equality holds. This feature also leads to differ

ent ways to balance coefficients in these inequalities. Let's contemplate the following 

examples to get an overview. 

Example 6.2.1. Suppose that x, y, z are thr-ee positive real numbers verifying x + y + 
z = 3. Find the minimum of the expression 

SOLUTION. Let a, b, c be three positive real numbers such that a+b+c = 3. According 

to Holder inequality, we obtain 

We will choose a, b, c such that a3 = 2b3 = 3c3 = k3, and if then 

4 4 .,,4 > k 12
(X + y + Z)4 _ (3k3

)4 

X + 2y + 3... - (a4 + 2b4 + 3& )3 - (a4 + 2b4 + 3&)3 (**) 

. . x y z 
The equahty m (*) happens when - = -b = -. Because x + y + z = a + b + c = 3, we 

a c 

get a = x b = y c = z. We find that k = 3 and a = k b = .ifj.k c = lf3k. , , 1+.ifj.+~" 

The minimum of X4 + 2y4 + 3z4 is given by (**). 

Comment. The following general problem can be solved by the same method 

* Suppose that Xl, X2, ... , xn are positive real numbers with sum nand aI, a2, ... , an 

are positive real constants. For each positive integer m, find the minimum of 

By Holder inequality, we find that the minimum of this expression is nam - 1 where 

• n 
a = 1 I 1 

m Val + m ifti2 + ... + m Val 

Example 6.2.2. Let al,a2, ... ,an be positive real numbers. Prove that 
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SOLUTION. Let Xl, X2, ... , Xn be positive real numbers (we will determine them at the 

end). According to Cauchy-Schwarz inequality, we have 

k k (x2 x2 x2) => < 2 _1+-1+ ... +--.!!. . 
al + a2 + ... + ak - (Xl + X2 + ... + Xk) al a2 an 

Constructing similar results for all k E {I, 2, ... , n} then adding up all of them, we get 

where Ck, k E {1,2, ... , n}, is determined by 

kx~ (k + l)x~ nx~ 
Ck = ( )2 + ( 2 + ... + ( )2 . Xl + X2 + ... + Xk Xl + X2 + ... + Xk+d Xl + X2 + ... + Xn 

We have to find Xk for which Ck ::; 2 \7'1 ::; k ::; n. We simply choose Xk = k then 

_ k2 (~ j ) _ 4k2 (~ 1 ) < 2k2 (~ 2j + 1 ) 
Ck - ~(1+2+ ... +j)2 - £kj(j+1)2 - f:kj2(j+l)2 

2(n 1 n 1) (1 1) 
= 2k ~ j2 - ~ (j + 1)2 = 2k2 k2 - (n + 1)2 < 2. 

The proof is completed. 

Example 6.2.3. Let Xl! X2, ... , Xn be positive real numbers. Prove that 

SOLUTION. Let a:l,a:2, ... ,a:n be positive real numbers. According to Cauchy

Schwarz inequality, we have 

Rewrite this inequality to 

( 
Xl + X2 ~ ... + Xk ) 2 ::; a:l + a:2 + ... + a:k 2 a:l + a:2 + ... + a:k 2 

k 2 . Xl + k 2 . X2 + .. , 
a:l . a:2 

a:l + a:2 + ... + a:k 2 
+ k 2 'Xk' . a:k 
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• 
Constructing similar results for all k E {I, 2, ... , n} then adding up all of them, we get 

in which each coefficient 'Yk is defined by 

The solution is completed if there is a sequence (C\:1I C\:2, ... , C\:n) such that 'Yk ::S 4 Vk E 

{I, 2, ... , n} . We choose C\:k = Jk - Vk=T, then C\:1 + C\:2 + ... + C\:k = Jk. In this case 

1 ( 1 1 1 ) 
'Yk = -;;;: k3/2 + (k + 1)3/2 + ... + n3/2 . 

Notice that J(k - ~)(k +~) (Jk - ~ + Jk + ~) ::S2k3/2, so 

_1_<R-R_ 1 1 

P/2- J(k-~)(k+~) Jk-~ Jk+~' 

We conclude that 

Comment. The following similar result is left as an exercise. 

* Let Xl, X2, ... , Xn be positive real numbers. Prove that 

3 (Xl + X2) 3 (Xl + X2 + ... + Xn ) 3 < 27 ( 3 + 3 + + 2) 
Xl + 2 + ... + n - 8 Xl X2 ... X3' 

Example 6.2.4. Find the best value of t = t(n) (smallest) for which the following 

inequality is true for all real numbers Xl, X2, ... , Xn 

(MYM 2004) 
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SOLUTION. Let Cl, C2, ••• , en be positive real numbers (which will be chosen later). 

According to Cauchy-Schwarz inequality, we have 

where 8 11 8 2 , ... , 8n are determined as 

k 

8k=LCi, kE{I,2, ... ,n}. 
i=l 

• 
According to (*), we infer that (after adding up similar results for all k E {I, 2, ... , n}) 

n (k )2 n (n 8 0

) L LXi ~L L/ X;. 
k=1 i=1 k=1 j=k ;} 

We will choose coefficients Cl, C2, ••• , en such that 

81 + 82 + ... + 8n 82 + 83 + ... + 8n 8n 
-------= =···=-=t. 

~ ~ en 
After some computations, we find 

Ci = sin in - sin(i - 1)0' Vk E {I, 2, ... , n}, 

7r 1 
where 0'= . So t = 2 and we conclude that 

2n+I 4sin 2(2:+1) 



Chapter 7 

Derivative and Applications 

We will discuss now one of the most important concepts of Mathematics. Just by 

realizing the great impact of derivatives on the development of Mathematics, you will 

understand how widely and deeply derivatives are affecting the world of inequalities 

nowadays. Therefore it's necessary for you to comprehend this concept and master it 

as one expert. 

7.1 Derivative of one-variable functions 

The principal objective of derivatives is to help examine one-variable functions. To 

find maximum or minimum of a 4function which has only one variable, derivatives 

seems to be infallible work. That's the reason we believe that every inequality in one 

variable is either solved by derivatives or impossible to be solved. 

The application of derivatives to one-variable functions is not restricted one

variable inequalities. III fact, can help you to solve many n-variable inequalities as 

you will see in the following pages. 

Example 7.1.1. Find the minimum value of xx, if x is a positive real number. 

SOLUTION. Consider the function f(x) = XX = ex1nx . Its derivative is f'(x) 

eX1nX(lnx + 1). Clearly, f'(x) = 0 ¢:} lnx = -1 ¢:} x = lie. In (0, ~], f(x) 

is strictly decreasing and in [~, +00 ) I f(x) is strictly increasing. That means 

minf(x) = f (~) =~. 
xER e e .. 

107 



108 Chapter 7. The basic Inequalities -

Example 7.1.2. Let a, b, e be positive real numbers. Prove that 

a3 b3 e3 a2 b2 c? -,,---:- + + > + + . 
b3 + c3 c3 + a 3 a3 + b3 - 1J2 + c2 c2 + a2 a2 + b2 

SOLUTION. We will solve the general problem for all real numbers s ~ t ~ a 
as bS cS at bt ct 

.,.---+ + > + + . 
bs + eS cD + as as + bs - bt + et et + at at + bt 

It's enough to prove that the following function is increasing by derivative 

aX bX eX 
f(x) = bx + eX + eX + aX + aX + bx • 

Indeed, after a bit of calculation 

'x _ '" aX . Ina· (bX + eX) - aX (bX . In b - eX. In c) 
I ( ) - L (bx + eX) 2 

cyc 

Comment. The following general problem can be solved in a similar fashion 

* Let al,a2, ... ,an be positive real numbers with sum 1. Prove that for all real 

numbers s ~ t ~ 0, we have 

( )
s ( )B ( )B ( )t ( )t ( )t al a2 a al a2 a + + ... + n > + + ... + n 

1 - al 1 - a2 1 - an - 1 - al 1 - a2 1 - an 

Example 7.1.3. Let a, b, e, d be positive real numbers. Prove that 

./ab+ae+ad+be+bd+ed> 3/abe+bed+cda+dab. 
V 6 - V 4 

SOLUTION. Consider the function 

I(x) = (x - a)(x - b)(x - e)(x - d) = X4 - Ax3 + Bx2 - Cx + D 

where 

A = La, B = Lab, C = Labe, D = abed. 
Bym Bym Bym 

Since the equation I(x) = a has 4 positive real roots, we infer that (by Rolle the

orem) the equation f'(x) = a has 3 positive real roots, too. Denote these roots 

m, n,p (m, n,p > 0), then 

!,(x) = 4(x- m)(x-n)(x- p) = 4x3 -4(m+n + p)x2 +4(mn+ np+ pm)x -4mnp . 

• 
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Notice that we also have f'(x) = 4x 3 - 3Ax2 + 2Bx - C, so B = 2(mn + np + pm) 

and C = 4mnp. By AM-GM inequality, we conclude that 

I¥ = Jmn+7+
pm ~ ?!mnp= ~. 

Comment. Suppose that Xl, X2, ... , Xn are positive real numbers and dl , d2, ... , dn are 

the polynomials defined as 

With the same method, we can prove the following results 

* (Newton inequality). For all positive real numbers Xli X2, ... , Xn 

* (Maclaurin inequality). For all positive real numbers Xl, X2, ... , Xn 

Example 7.1.4. Prove that 0 ~ a ~ 1 ~ b ~ 3 ~ e :::; 4 if a, b, e are real numbers 

satisfying the conditions 

a:::; b ~ e, a + b + e = 6, ab + be + ea = 9. 

(British MO) 

SOLUTION. Denote p = abc and consider the function 

/ (x) = (x - a) (x - b) (x - c) = x3 - 6x2 + 9x - p. 

We have f'(x) = 3x2-12x+9 = 3(x-1)(x-3) . Therefore /'(x) = 0 or X = 1 Vx = 3. 

Because / (x) has three roots a ~ b ~ e, we infer 

1 :::; b:::; 3 , /(1)f(3) :::; O. 

Note that f(l) = f(4) = 4 - p and f(O) = /(3) = -p, so we have 0 :::; p :::; 4.' 

That implies f(l) = f(4) 2: 0 and f(O) = f(3) :::; 0, If /(0) = /(3) = 0 then 

a = 0, b = e = 3 and the desired result is obvious. If f(l) = /(4) = 0 then a = 
b = 1, e = 4 and the desired result is obvious as well. Otherwise, we must have 

/(O)f(l) < 0, /(1)f(3)<0, f(3)f(4)<0 and therefore a E (0,1), bE (1,3), e E (3,4). 

The proof is finished. 
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7.2 Derivative of n-Variable Functions 

If you feel that one variable functions are easy already, if you feel their extremums can 

always be easily found by derivative, let's take a glimpse at functions of more variables. 

Although it's much more difficult to find the extremums of functions of n variables, 

we approach these problems is the same as what we do with one-variable functions. 

If there are some conditions that restrict variables, try to change and eliminate these 

conditions and make a new expression where every variable is independent from each 

other, then find the extremum of this new expression as a one-variable function of 

each variable. Let's see the following examples to clarify the method. 

Example 7.2.1. Let a, b, c be positive real numbers. Prove that 

a3 + b3 + c3 + 3abc ~ ab(a + b) + bc(b + c) + ca(c + a). 

SOLUTION. WLOG, assume that a ~ b ~ c. Consider the function of a: / (a) 

a3 + b3 + c3 + 3abc - ab(a + b) - bc(b + c) - ca(c + a). We have 

j'(a) = 3a2 + 3bc - 2ab - b2 - 2ac - c2. 

Notice that /"(a) = 6a - 2b - 2c ~ 0 and f"(b) ~ 0, so f'(a) ~ /'(b) = c(b - c) 2:: O. 

ALgo, J'(x) ~ f'(b) ~ 0, (V)x E (b,a), since f" is linear, therefore positive on (b,a). 

That implies J(a) ~ J(b) = c(b - c)2 2:: O. The proof is finished . 

• 

Example 7.2.2. Let a, b, c, d be positive real numbers such that 

2(ab + bc + ed + da + ac + bd) + abc + bed + eda + dab = 16. 

Prove the following inequality 

2 
a + b + c + d ~ "3 (ab + bc + cd + da + ac + bd). 

(Vietnam MO 1996) 

SOLUTION. By a similar reasoning as in example 7.1.3, we deduce that there exist 

positive real numbers x, y, z for which 

4 2: a = "3 2: x, Lab = 2 2: xy, L abc = 4xy z. 
sym sym sym syrn sym 

It remains to prove that if xy + yz + zx + xyz = 4 then x + y + z ~ xy + yz + zx. 
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Certainly, there exist two numbers, say x and y, both greater than 1 or both smaller 

than 1. In this case, (x-1)(y-l) 2: 0 => xy+ 1 2: x+y. We denote m = x+y, n = xy 
4-n 

then z = . If m > 4 then x + y + z > 4 > xy + zx + zx and the conclusion m+n - - -
2 

follows . Otherwise, m - 1 < n < m < 4 and we need to prove 
- - 4 -

4-n (4-n)m 
m+ > +n 

m+n- m+n 

¢} fen) = -n2 +n(m-l) +m2 - 4m+4 2: o. 

Notice that f'(n) = -2n + m -1 $ -n + m - 1 $ 0, so fen) is decreasing, therefore 

fen) 2: f (:2) = (16 - m:~(m - 2)2 2: O. 

We are done. Equality holds for a = b = c = d = 1 . 
• 

Example 7.2.3. Let a, b, c be non-negative real numbers. Prove that 

a3 + b3 + c3 + 9abc + 4(a + b + c) 2: 8(ab + bc + ca). 

(Le Trung Kien) 

SOLUTION. We denote 

feb) = b3 + b(4 + 9ac - 8a - 8c) + a3 + c3 + 4(a + c) - 8ac. 

By AM-GM inequality, (a3 + 4a) + (c3 + 4c) 2: 4a2 + 4c2 2: 8ac, so the problem is 

proved in case 4+9ac 2: 8(a+c), with equality for a = c = 2, b = 0 and a = b = c = O. 

Otherwise, let x = a + c, y = ac then, 8x 2: 9y + 4. Notice that 

J8X- 9y-4 
j'(b) = 3b2 - (8x - 9y - 4), so f'(b) = 0 ¢} b = 3 

and therefore 

f(b) ;;0, f ( J8x - ~y - 4) = 3~(8X - 9y - 4)3/2 + x3 + 4x - 3xy - 8y = g(y). 

x 2 

Because y $ "4 and y $ 
8x-4 

9 (that also means x 2: 
1 
2)' as get 

Y<min(x2 8X-4) =t. 
- 4' 9 

ley) = 3J3(8x - 9y - 4) - (3x + 8) $ 3J3(8x - 4) - (3x + 8) < o. 
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8x-4 
Thus g(y) is strictly decreasing and therefore g(y) > g(t). If t = 9 then g(t) = 
x3 + 4x - 3xt - 8t ~ 0 (or equivalently a3 + c3 + 4(a + c) - Bac ~ 0). It's enough 

x2 x 
to consider the remaining case t = 4 and prove that g(t) ~ O. Denote s = 2' the 

inequality g ( :2) = g( 82) ~ 0 is equivalent to • 

h(s) = 2s3 - 8s2 + 8s - 3~(168 - 982 - 4)3/2 ~ O . 

. /168 - 9s2 - 4 
Because h'(8) = 6s2 - 168 + 8 - (16 - 18s)V 3 ' if h'(8) = 0 for some 8 

8 8+ J28 
then we must have - < 8 < and 9 - - 9 

3(282 - 88 + 4)2 = (9 - 8s)2(168 - 9s2 - 4) 

<=> (8 - 1)(189s3 - 49582 + 3728 - 76) = O. 

Notice that the equation 18983 - 495s2 + 372s - 76 = 0 has exactly one real root in 

the interval [~, 8 +9,/28], so it's easy to infer that h(s) ~ h(l) = O. Equality holds 

for a = b = c = 1 or a = b = c = 0 or a = b = 2, c = 0 up to permutation. 

Example 7.2.4. Suppose n is an integer greater than 2 and that the n positive real 

numbers xI. X2, ... , Xn satisfy the condition 

(
1 1 1) ~ 2 

(Xl + X2 + ... + xn) - + - + ... + - :::; (n + v 10 - 3) . 
Xl X2 Xn 

Prove that every 3-uple (Xi,Xj,Xk) (1:::; i < j < k:::; n andi,j,k E N) can be the 

length-sides of a triangle. 

(Improved IMO 2004, Bl) 

SOLUTION. It suffices to prove the following result (that directly solves this problem) 

Suppose that Xl ~ X2 ~ ... 2: Xn > 0 are real numbers verifying Xl > X2 + X3, then 

(1 1 1) ~ 2 
(Xl + x2 + ... + xn) - + - + ... + - > (n + v 10 - 3) . 

Xl X2 Xn 

Indeed, we will prove it by induction. For n = 3, the inequality becomes 
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Let f(xt) = L XI X2(Xl + X2) - 7XIX2X3 then 
eye 

J'(xd = 2Xl(X2 + X3) + x~ + x~ -7X2X3 > 2(X2 + X3)2 + x~ + x~ - 7X2X3 > o. 

This implies that f(xd ~ f(X2 + ·X3) = (X2 + X3)2(X2 - X3) > O. We are done. 

Now return to the problem of n + 1 variables (with the supposition that it is true for 

n variables). We need to prove that 

n n 
Denote A = L Xi and B = LxiI, then AB > (n + V16 - 3)2 by hypothesis. Let 

i=l i=l 

x = Xn+l then AlB > x~ ~ x 2 =* vAIB > x. Denote 

f( x) = (x + A) (;. + B) = Bx + : + 1 + AB. 

A 
We have of course f'ex) = B - "2 and therefore f'ex) = 0 <=> x = V AlB. Thus 

x 

f(x) 2: f (I:) ~ (1 + JAB)' > (n + JW- 2)'. 

The inductive step is completed and we are done. 

Example 7.2.5. Let a, b, c be positive real numbers such that 12 ~ 21ab + 2bc + 8ea. 

Prove that 
1 2 3 15 -+-+- <-. abc - 2 

(Tran Nam Dung, Vietnam TST 2001) 

SOLUTION. Although this problem has been solved in the previous part by balancing 

coefficients, it's seem to be more intuitive to give a solution by derivatives. Let x = 

'!,y = -b
2
,z =~ . We will prove an equivalent problem as follows . 

a c 
15 

If x, y, z > 0 and 12xyz > 2x + 8y + 21z then P(x, y, z) = x + 2y + 3z ::; 2' 

Indeed, by hypothesis we have z(12xy-21) ~ 2x + 8y > O. So we infer that 12xy ~ 21, 
7 2x + 8y 

or x > -4 and z ~ 2 2' That means 
y 1 xy - 1 

2x+8y 
P(x, y, z) ~ x + 2y + 7 = f(x). 

4xy-
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We have of course 
f'(x) = 16x2y2 - 56xy - 32y2 + 35. 

(4xy -7)2 

In the range (2-, +00), the equation f' (x) = 0 has only one root x = Xo = : + 
4y • Y 

V 32y
2 + 14 . At x = Xo, f'(x) changes its sign from negative to positive, so f(x) 

4y 
attains the minimum at Xo. It implies 

5 
f(x) 2: f(xo) = 2xo - 4y ::::} P(x, y, z) 2: f(x) + 2y 2: f(xo) + 2y = g(y) 

where 
9 1 r-----,--

g(y) = 2y + - + -v'32y2 + 14. 
4y 2y 

A simple calculation will show that 

g'(y) = 0 <=> (8y2 - 9)V32y2 + 14 - 28 = O. 

Denote t = V32y2 + 14, then t > O. The above equation becomes t 3 - 50t -112 = O. 

This equation has only one positive real root t = 8, or y = Yo = ~, thus g' (~) = O. 

In the range y > 0, at y = Yo, g'(Y) changes its sign from negative to positive, hence 

g(y) attains the minimum at Yo. So we conclude that g(yo) = 9 (~) = 1; and 

15 5 , 2 
then P(x,y,z) 2: g(y) 2: g(yo) = 2' Equality holds for y = 4'x = 3,z = 3" or 

1 4 3 
a = -,b = -,c = - . We are done. 

3 5 2 

Example 7.2.6. Let a, b, c be three positive real numbers such that 

Find the minimum and maximum value of 

abc 
P= - +-+-. 

b c a 

(Pham Kim Hung) 

SOLUTION. We will first solve the problem of finding the mirumum value. To find this 

value we can assume that a 2: b ~ c because in this case, we have 

L ~ - L ~ = (a - b) (a - c) (c - b) < o. 
b a abc -

eye eye 
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a b 
Denote x = b ~ 1, Y = ~ ~ 1. The hypothesis yields that 

1 1 1 
x + y + - + - + - + xy = 13. 

xy x y 

1 
Let now x + y = s and xy = t, then P = s + - and 

t 

8 1 13t - t 2 - 1 
8+t+-+- =13 ~ 8= ----

t t t + 1 

This relation implies that 

P _ f ( ) _ 13t - t2 - 1 1 
- t - +-. 

t+ 1 t 

Then 

J'(t) = (13 - 2t)(t + 1) - (13t - t2 - 1) _ .!.. 
(t+1)2 t2 

_t2 - 2t + 14 1 15 t2 + 1 
- (t+ 1)2 - t2 (t+ 1)2 - -t2-· 

It's easy to infer that 
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Because t = ab ~ 1, f'(t) = 0 *> t = to = 3 +2 VS. Moreover, the supposition 

x, y ~ 1 shows that t + 1 - 8 = (x - 1)(y - 1) ~ 0 or t + 1 ~ 8. It implies 

13t - t2 - 1 11 + J105 
---- < t + 1 *> 2t2 - 11t + 2 > 0 ~ t > 4 > to· t+1 - --

Thus f(t) is strictly decreasing. To find the minimwn of f(t), it's enough to find the 

maximum of t . Notice that 82 = (x + y)2 ~ 4t, so we obtain 

(13t-t'-1)' ~4t(t+1)' => (13-t-D' ~4(t+7+2) 

=> (t+7)' -30(t+D +161~0 '* (t+7- 7) (t+7- 23) ~O. 
1 1 

Furthermore, t + t < 23 (because 1 ~ t ~ 13), so we must have t + t ~ 7 or 

t2 _ 7t + 1 :$ 0 *> t:$ 7 + ;VS. 
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For this value of t (t = 7 +2,(5). we have s = 20 = )14 + 6,/5 = 3 +,/5 and 

conclude that 

1 2 
min j (t) = s + - = 3 + vis + VS 

t 7 + 3 5 

13-VS 
2 

h 1· f, a b r; 3 + VS d . wit equa lty or -b = - = v t = an permutatIOns. 
c 2 

Similarly, with the same method, we find that max j(t) = 13 ~ vis, with equality for 

a b 3-vIs . 
b = ~ = 2 and permutatIOns. 

Each problem has its own features. If you can fathom the particular features, 

you can find particular methods to solve them. For example, you are aware of using 

balancing coefficients to solve non-cyclic inequalities or using symmetric separation 

to solve symmetric inequalities. These solutions are, generally, technical and hard to 

figure out. However, derivatives are different. Although solutions by derivatives are, 

in fact, coarse and require some long computations, they are very natural. That's the 

reason why derivatives are so important and indispensable in every part of the field 

of inequalities and mathematics as well. 

• 



• 

Chapter 8 

A note on SYlllllletric 

inequalities 

In the beautiful world of inequalities, symmetric inequalities seem to be the most 

important and most beloved kind. This kind of inequalities also plays a major part 

in Mathematics Contests allover the world and the overview in this chapter is really 

necessary. Although there are a lot of interesting stories regarding symmetric inequal

ities that will be unveiled in the following chapters; right now, in these pages, we will 

review three essential matters: primary symmetric polynomials, normalization skill 

and symmetric separation. 

8.1 Getting started 

In general, a symmetric inequality of n variables at, a2, ... , an can be rewritten as 

where 

for all permutations (il, i2, ... , in) of (1,2, .'" n). 

Because of the symmetry, we can rearrange the order of variables (that means we 

can choose an arbitrary order). Because of the symmetry, we can estimate a mixed 

expression by smaller expressions of one-variable. 

117 
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Schur inequality is a very important symmetric inequality and it would be a 

shortcoming if it wasn't discussed now. 

Theorem 10 (Schur inequality). Suppose that a. b, c are non-negative real numbers, 

then 

a3 + b3 + c3 + 3abc 2: ab(a + b) + bc(b + c) + ca(c + a). 

PROOF. Because of the symmetry, we can assume that a .2: b .2: c. Let x = a - b, y = 
b - c and rewrite the inequality to the following form 

La(a-b)(a -c).2: 0 ** c(x+y)y- (c+y)xy+ (c+x+y)x(x+y) > 0 
eye 

{:} c(x2 + xy + y2) + x 2(x + 2y) .2: 0 

which is obvious because c, x,y 2: o. The equalitj' holds for x = y = 0 and x = c = 0, 

that means a = b = c or a = b, c = 0 up to permutation. 

Comment. This inequality is, in fact, equivalent to the following well-known result 

* Suppose that a, b, c are non-negative real numbers. Prove that 

(a + b - c) (b + c - a) (c + a - b) ~ abc. 

Naturally, we may wonder if the following similar result is true or false 

* Let a, b, c be positive real numbers. Prove or disprove that 

Unfortunately, this inequality is wrong. We only need to choose a -+ 0 and b = c. 

There is even no positive constant k such that 

However, the following inequality holds 

* Let a, b, c be three real numbers. Prove that 

2 
a6 + b6 + c6 + a2b2 c2 2: "3 (a6 (b + c) + b6 (c + a) + c6 (a + b)). 

SOLUTION. According to AM-GM inequality and Schur inequality, we deduce that 

3 L a6 + 3a2b2c2.2:2 L a6 + L a4 (b2 + c2
) 

eye eye eye 

eye eye eye 
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Theorem 11 (General Schur inequality). Suppose that a, b, c are non-negative real 

numbers and k is a positive constant, then 

ak(a - b)(a - c) + bk(b - a)(b - c) + ck(c - a)(c - b) ~ O. 

PROOF. Certainly, we may assume that a ~ b ~ c. In this case, we have 

ck(c - a)(c - b) ~ 0, 

Summing up these results, we are done. The equality holds for a = b = c and a = 

b, c = 0 up to permutation. 

Comment. By a similar approach, we can prove that the inequality is still true if 

k ~ O. Morever, if k is an even integer, the inequality is true for all real numbers a, b, c 

(not necessarily positive). 

Example 8.1.1. Let a, b, c be no~negative real numbers with sum 2. Prove that 

SOLUTION. According to the fourth degree-Schur inequality. we have 

or equivalently 

Putting a + b + c = 2 into the last inequality, we get the desired result. Equality holds 

for a = h = c = ~, or (), = b = 1, c = 0 or permutations. 

Example 8.1.2. Let a, b, c be positive real numbers. Prove that 

v;2 Ib,2 ,t? 3 
----r;:::===;:~=:::::;;:::;:; + * . >-. .J:Gb +,d)(b8 +,c3) ,J~c +'iZ)l~d)+a8) .J(~+,h)(~8 + b3 ) - 2 

:(P barn [Kim ~JjlJlng) 
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SOLUTION. By Holder inequality, we deduce that 

(L a2 ) 2 (L a2(b + c)(b3 + c3)) 
eye J(b + c)(b3 + c3) eye 

So it is enough to prove that 

4 (~a2) 3 ~ 9 ~a2(b+c)(b3 +c3) 

¢::;> 4 L a6 + 3 L a4 (b2 + c2) + 24a2b2c2 ~ 9abc L a2(b + c). 
eye eye eye 

According to the third degree-Schur inequality L a2(b + c) < L a3 + 3abc, so it's 
eye eye 

enough to prove that 

eye eye eye 

which is obvious by AM-GM inequality because 

eye eye eye eye eye 

We are done. Equality holds for a = b = c. 

Example 8.1.3. Suppose that a, b, c are non-negative real numbers. Prove that 

a2 b2 <? ---::------::- + + > l. 
2b2 - bc + 2c2 2c2 - ca + 2a2 2a2 - ab + 2b2 

(Vasile Cirtoaje) 

SOLUTION. According to Cauchy-Schwarz inequality, we deduce that 

a2 (a 2 + b2 + c2 )2 

L 2b2 - bc + 2c2 ~ a2 (2b2 - bc + 2c2) + b2 (2c2 - ca + 2a2 ) + c2 (2a2 - ac + 2b2)' eye 

It suffices to prove that 

According to the fourth degree-Schur inequality, we conclude that 

~ a4 + abc (~a) ~ ~ ab(a
2 + b2

) >2 ~a2b2. 
We an.:e dlDne. E~uaJlitV' hdlds for ·a = b = Ie 'fJJndi ,m = Ib •. c = 1(0 I{j)r U!>ermIDltatiG!11$. 



8.0. A note one symmetric inequalities 121 

Example 8.1.4. Let a, b, c be non-negative real numbers. Prove that 

a 3 b3 2 
-:---~+ + >a+b+c. 
b2 - bc + c2 c2 - ca + a 2 a 2 - ab + b2 

SOLUTION. Applying Cauchy-Schwarz inequality, we have 

a 3 a4 (a2 + b2 + c2
)2 

Lb2 -bc+c2 =La(b2 -bc+c2 ) ~ Ea(b2 -bc+c2 )' 
eye eye eye 

I t remains to prove that 

or 

eye eye eye eye 

or 

eye eye eye 

This is exacly the fourth degree-Schur inequality, so we are done. Equality holds for 

a = b = c or a = b, c = 0 up to permutation. 

Example 8.1.5. Let a, b, c be non-negative real numbers. Prove that 

SOLUTION. Applying AM-GM inequality, we have 

L a2 Jb2 - bc + c2 = aJa2 (b2 - bc + c2
) ~ ~ L a(a2 + b2 + c2 

- bc). 
eye eye 

Then, by the third degree-Schur inequality we get that 

eye eye eye eye 

We are done. Equality holds for a = b = c or a = b, c = 0 up to permutation. 

Example 8.1.6. Let a, b, c be non-negative real numbers. Prove that 

a 3 b3 e3 

----r.:;;;====:==~ + + > a 
2 + b2 + c2

. 
yfb2 - be + e2 yf c2 - ca + a 2 yf a 2 - ab + b2 -

• 
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(Vo Quoc Ba Can) 

SOLUTION. Applying Cauchy-Schwarz inequality, we deduce that 

a3 (a2 + b2 + c2 )2 

L Jb2 -bc+c2 ~ aJb2 -bc+c2 +bJe2 -ca+a2 +cJa2 -ab+b2' 
eye 

So it is enough to prove that 

La Jb2 - be + e2 ~ a 2 + b2 + c2. 
eye 

Cauchy-Schwarz inequality yields that 

Thwn, by Schur inequality we deduce that 

The proof is finished. Equality holds for a = b = c and a = b, c = 0 and permutations. 

8.2 Primary symmetric polYRomials 

Suppose that Xl, X2, ... , Xn are real numbers. We define their primary symmetric poly

nomials for each k E {I, 2, .... n} as follow 

in which the sum is taken over all {i lt i 2 , .. . . id C {1,2 .... ,n}. 

An important and classical result on primary symmetric polynomials is that 

* Every symmetric polynomial of Xl, X2, ... , Xn can be expressed as a polynomial 

with variables the primary symmetric polynomials of Xl, X2, ... , Xn . 

The proof of this theorem won't be showed here and it would better be solved 

by yourself as an algebraic exercise. According to this theorem, examining symmetric 

expressions can be turned into examining primary symmetric polynomials. In this 

part, however, we only concentrate on applying primary symmetric polynomials in 

proving three-variable inequalities. 
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Example 8.2.1. Let a, b, c be positive real numbers with sum 2. Prove that 

(Pham Kim Hung) 

SOLUTION. Because a + b + c = 2, the inequality is equivalent to 

(ab + be + ca)2 :::; 1 + 3abe. 

Denote x = ab + bc + ca and y = abc. We are done if x S 1. Otherwise, x ~ I, and by 

AM-G M inequality, we deduce tij.at 

eye eye eye 

So it suffices to prove that 

x 2 S 1 + ~(8x - 8) {:} 3x2 - 8x + 5:::; 0 {:} (x - 1)(3x - 5) :::; 0 

which is obvious because 1 S x S ~ < ~. The equality holds for a = b = I, e = 0 up 

to permutation. 

Example 8.2.2. Suppose that a, b, e are non-negative real numbers such that a 2 + 
b2 + c2 = 1. Prove the inequality 

. In 9abe 
a + b+ e:::; v2 + -4-' 

SOLUTION. We denote x = a + b + e, y = ab + be + ca and z = abc. By the fourth 

degree-Schur inequality, we have 

eye eye eye 

<=? (L: a2) 2 _ 2 (L: ab) 2 + 6abe (L: a) ~ (L: a2) (L: ab) 
eye eye eye eye eye 

2y2 + y - 1 
<=? 1 - 2y2 + 6xz ~ y ¢::> z ~ 6x (*) 

Notice that x = vI + 2y, so if y :::; ~, we have done (because x < ../2). Otherwise, 

according to (*), it suffices to prove that 

In 9(2y2 +y -1) 
VI + 2y S v 2 + 24JI + 2y 
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• 
(2 _ 1) Ji + 2y < 9(2y - 1)(y + 1) . 

~ y .;2 + JI + 2y - 24 

1 
Because 1 > Y > -, we conclude that - - 2 

JI + 2y J3 9 9(y + 1) 
-;:;~--;;;:=;::::;r= < < - < ---'---~ J2 + J1 + 2y - J3 + J2 16 - 24 . 

Equality holds for a = b = ~, c = 0 or permutations. 

V 

Example 8.2.3. Let a, b, c be positive real numbers satisfying abc = 1. Prove that 

1 1 1 1 1 1 ---+ + <--+--+--. 
1+a+b 1+b+c 1+c+a - 2+a 2+b 2+c 

(Bulgarian MO 1998) 

SOLUTION. Denote S = E a, P = E ab, Q = abc. By some calculations, we get that 
eye eye 

LHS = "'" 1 = S2 + 4S + 3 + P 
~ S + 1 - a S2 + 2S + PS + P' 
eye 

RHS = ,,",_1_ = 12+4S+P. 
~ 2 + a 9 + 4S + 2P 
eye 

So it suffices to prove that 

which is reduced to 

S2 + 4S + 3 + P < 12 + 4S + P 
S2+2S+PS+P - 9+4S+2P' 

(3P - 5)S2 + (S - 1)P2 + 6PS ~ 24S + 3P + 27. 

Because abc = 1, we deduce S, P ~ 3, therefore 

LHS ~ 4S2 + 2p2 + 6PS ~ 12S + 6(P - 1)S + 6S + 2p2 

~ 24S + 3P + (P2 + 6S) ~ RHS. 

Equality holds for S = P = 3 or equivalently to a = b = c = 1. 

Example 8.2.4. Let a, b, c be positive real numbers. Prove that 

abc abc 5 --+--+--+ >-
b + c c + a a + b 2(a3 + b3 + c3) - 3' 
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(Pham Kim Hung) 

SOLUTION. WLOG, we may assume that a + b + e = 3. Denote x=ab + bc + ca and 

y = abc. Then we have 
abc y 

27 + 3y - 9x' 

~_a_ = 27+3y-6x. 
~ b+c 3x-y 
eye 

We need to prove that 

27 + 3y - 6x + y > ~. 
3x-y 2(27+3y-9x) - 3 

By AM-GM inequality, I1 (3 - 2a) ~ I1 a, so 9 + 3y ~ 4x. Moreover, the left hand 
eye eye 

side of the above expression is a strictly increasing function of y, so it suffices to prove 

that 
27 + (4x - 9) - 6x + (4x - 9) > ~ 

3x -1(4x - 9) 6(27 + (4x - 9) - 9x) - 3 

3(18 - 2x) 4x - 9 5 3(3 - x)(153 - 50x) 0 
¢} + >-¢} >, 

9 + 5x 6(18 - 5x) - 3 2(9 + 5x)(18 - 5x) -

which is obvious because x ~ 3. Equality holds for x = 3 or a = b = e = 1. 

Example 8.2.5. Let a, b, c be real numbers with sum 3. Prove that 

(1 + a + a2) (1 + b + b2) (1 + e + c2) ~ 9(ab + be + ca). 

(Pham Kim Hung) 

SOLUTION. We denote 

x = a + b + c, y = ab + bc + ca, z = abc. 

According to the hypothesis, x = 3, so we can rewrite the inequality to 

z2+ z +1+ L(a+a2)+ Lab+ La2b2+abc (La+ Lab) + La2(b+e) ~ 9y 
sym sym sym sym sym sym 

¢} z2 + z + 1 + x + (x2 - 2y) + y + (y2 - 2xz) + z(x + y) + xy - 3z ~ 9y 
• 

¢} z2 - 2z + 1 + (x - y) - z(x - y) + (x - y)2 + 3xy ~ 9y 

¢} (z -I? - (z -1)(x - y) + (x - y)2 ~ O. 

The last inequality is obvious. Equality holds for z = 1, x = y or a = b = c = 1. 
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Example 8.2.6. Let a, b, c be positive real numbers such that abc = 1. Prove that 

1 1 1 1 
--+ + + >1. 
1 + 3a 1 + 3b 1 + 3c 1 + a + b + c -

(Pham Kim Hung) 

SOLUTION. We denote x = a + b + c and y = ab + bc + ca. Then the inequality can be 

rewritten to 

3 + 6x + 9y 1 1 1 25 - 3x -:--------:-- + -- > {:} -- > -:-=---::----::-
28 + 3x + 9y 1 + x - 1 + x - 28 + 3x + 9y 

{:} 3x2 -19x + 9y + 3 ~ 0. 

Denote z =~, Because y2 = (ab+bc+ca)2 ~ 3abc(a+b+c) = 9z2, it follows that 

y ~ 3z. Therefore it suffices to prove that 

27z4 - 57z2 + 27z + 3 ~ ° ~ 3(z - 1)(9z3 + 9z2 -10z - 1) ~ 0, 

which is obviously true because z ~ 1. Clearly, the equality holds for a = b = c = 1. 

Example 8.2.7. Let a,b,c be non-negative real numbers with sum 1. Prove that 

ab + bc + ca 2 2 2 2 2 2 
2 b2 2 16 b ~ 8( a b + b c + c a ). a+ +c+ ac 

(Pham Kim Hung, MYM) 

SOLUTION. Denote x = 4(ab + bc + ca) and y = Babc then we obtain 

x x2 y a2 + b2 + c2 = 1 __ j a2b2 + b2c2 + c2a2 = __ -. 
2 16 4 

We can rewrite the inequality to the form 

2x ~ (4 - 2x + 8Y)(X2 - 4y) 

{:} x(x - 1)2 ~ 4y «x - l)(x + 2) - 4y) 

{:} x(x _1)2 + 16y2 ~ 4y(~ -1)(x + 2). 

4 
Obviously, x ::; 3' If x::; 1, we are done immediately, Otherwise, suppose that x ~ 1. 

By the third degree-Schur inequality, it's easy to get 8(x - 1) ::; 9y. Considering x 

as a parameter in [1, ~], we will prove that fey) ~ 0, where 

fey) = 16y2 - 4y(x - l)(x + 2) + x(x _1)2. 
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Indeed, notice that x ~ I, so f (y bs an increasing function because 

32· 8(x - 1) 
!,(y) = 32y - 4(x - l)(x + 2) ~ 9 - 4(x - 1)(x + 2) 

> 256(x - 1) _ 40(x - 1) > O. 
- 9 3-

Therefore, it's sufficient to prove that f (8(X ; 1)) 2:: 0 or 

16. (8(X;- 1)), _ 4 C(X;- 1)) (x -l)(x+ 2) + x(x-1)2::: 0 

1024 32 448 23x 
¢::> -- - -(x + 2) + x > 0 *> - > -81 9 - 81 - 9 , 

4 
which is true because x ~ 3' The problem has been completely solved and equality 

holds for a = b = ~,c = 0 or permutations. 

Comment. We have a similar inequality as follows 

* Let a, b, c be three side lengths of a triangle whose perimeter is 1. Prove that 

Example 8.2.8. Let a, b, c be non-negative real numbers with sum 2. Prove that 

(Pham Kim Hung) 

SOLUTION. Write p = ab + bc + ca and q = abc. The inequality can be rewritten to 

(a+b+c)2 -2(ab+bc+ca) ~ 2(ab+bc+ca)3 -6abc(a+b+c)(ab+ bc+ca) + 14a2b2c2. 

*> 2 - p 2:: p3 - 6pq + 7q2. 

Let r = max {o, 8p
; 8}, then q ~ r according to Schur inequality. Consider the 

function 

f(q) = 7q2 - 6pq + p3 + p - 2. 

Since f'(q) = 14q - 6p = 14abc - 3(a + b + c)(ab + bc + ca) < 0, we deduce that 

f(q) < f(r). If p ~ 1 then T = 0 and we can conclude that 
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If p ~ 1, we get r = 8(P; 1) , and the inequality f(r) ::; 0 is equivalent to 

7 C(p; 1)), - 6p C(p; 1)) + (p -l)(P' + p + 2) ~ 0 

448(p - 1) _ 16p 2 2 < 0 2 + 37p _ 236 < 0 
# 81 3 + P + p + - # p 81 81 - . 

This last inequality is true since p < ~ . Equality holds for a = b = 1, c = 0 or 

permutations. 

• 

8.3 Normalization skill 

An important technique that is frequently used in proving symmetric inequalities is 

normalization. To understand this technique, we first need to clarify the difference 

between homogeneous functions and non-homogeneous functions. 

Definition 2. Suppose that f is a function ofn variables al,a2, ... ,an . We say that 

f is a homogeneous function if and only if there exist a real number k such that 

Almost all inequalities we have seen so far are homogeneous. In this case, a con

dition between variables Xl, X2, ... , Xn such as Xl + X2 + ... + Xn = n or XIX2",Xn = 1 

is meaningless (because we can divide (or multiply) each variable by arbitrary real 

numbers but the result of the problem is not affected). Sometimes, the condition only 

helps simplify the appearance of the problem, as with the following example 

Example 8.3.1. Suppose that a, b, c are three real numbers satisfying a2 +b2 +c2 = 3. 

Prove the following inequality 

SOLUTION. Certainly, the inequality is non-homogeneous. However, the condition a2 + 
b2 + c? = 3 can help change it to homogeneous as 

Rewrite this inequality to 

eye eye eye 
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eye eye eye 

which is obvious. Equality holds for a = b = e, and then a = b = e = 1. 

Comment. Consider the general problem as follows 

* Suppose that al,a2, ... ,an are non-negative real numbers such that at + a~ + 
+ ... + a~ = n. For what value of n then the following inequality holds 

Only two numbers satisfy this condition: n = 3 and n = 4. If n = 4, the inequality 

is (after changing aI, a2, a3, a4 to a, b, e, d) 

4 L a3(b + e + d) S 3(a2 + b2 + e2 + d2)2 
eye 

eye eye 

Changing non-homogeneous inequalities to homogeneous inequalities as above 

seems to be very intuitive. But what about the reverse? Is it unreasonable if we change 

a homogeneous inequality to a non-homogeneous one? Does it have any meaning? To 

answer this question, let's see an example 

Example 8 .3.2. Let a, b, e be noft-negaiive real numbers. Prove that 

Jab + be + ca 3 (a + b)(b + c)(c + a) ---------< . 3 - 8 

SOLUTION. WLOG, suppose that ab+bc+ca = 3. By AM-GM inequality, we deduce 

that a + b + c ;::: 3 and abc S 1. Therefore 

(a + b) (b + c) ( e + a) = (a + b + c) ( ab + be + ca) - abc = 3 (a + b + c) - abc ;::: 8 

Jab + be + ca 1 3 (a + b)(b + c)(e + a) 
=} < < . 3 - - 8 

The proof is completed. Equality holds for a = b = e. 

Let's review this solution. Its exceptional feature is the step of asswning that 

ab + be + ca = 3. Why can we do so? In fact, if a = b = e = 0, the inequality 
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is obvious. Otherwise, let a' = ~, b' = ~, c' = ~ (t > 0). The inequality is true 
t t t 

lab + bc+ ca 
for a, b, c if and only if it's true for a', b', c'. Just choose t = V 3 then 

a' b' + b' c' + d a' = 3. Because the inequality is true for a', b' , c' (as we proved), it must 

be true for a, b, c. 

Let's analyze another fact. What happen if we suppose that a + b + e = 3 or 

abc = 1 instead of ab + be + ca = 3? However, they do bring us either a much more 

complicated solution or even nothing. 

The procedure we used is called normalization. This skill is widely applied for 

homogeneous inequalities because these inequalities allows us to suppose anything 

that we need: a+b+c = 3, ab+be+ ca = 3, etc. Sometimes, solutions by normalization 

are unexpectedly short and nice as in the following examples 

Example 8.3.3. Let a, b, c be non-negative real numbers. Prove that 

(2a+b+c)2 (2b+e+a)2 (2e+a+b)2 8 
2a2 + (b + e)2 + 2b2 + (e + a)2 + 2e2 + (a + b)2::; . 

(USA MO 2003) 

SOLUTION. By normalizing the expression with a + b + c = 3, we reduce the left 

expression to a simpler form 

Notice that 

We conclude that 

(3-1-a)2 (3+b)2 (3-1-c)2 
2a2 + (3 - a)2 + 2b2 + (3 - b)2 + 22 + (3 - e)2' 

3(3 + a)2 a2 + 6a + 9 8a + 6 
--::---- = 1 + -----

2a2 + (3 - a)2 a2 - 2a + 3 (a - 1)2 + 2 

80+6 
::; 1 + 2 = 4a + 4. 

(3+a)2 1 ( ) L 2a2 + (3 _ a)2 ::; '3 12 + (L a = 8. 
eye eye 

Example 8.3.4. Let a, b, e be non-negative real numbers. Prove that 

• 
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(Japan MO 2002) 

SOLUTION. WLOG, we may suppose that a -I- b -I- c = 3. The inequality becomes 

(3 - 2a) 2 3 1· 3 
~ > - {=} '"" < -. 
~ a2 -I- (3 - a)2 - 5 ~ 2a2 - 6a -I- 9 - 5 
eye eye 

Just notice that 

'"" (5 ) ~ 2(a - l)(a - 2) 
~ 2a2 - 6a + 9 - 1 = ~ 2a2 - 6a -I- 9 
eye eye 

= L (-2(a -1) -I- (a -1)2(2a -I- 1») > L -2(a - 1) = o. 
5 5(2a2 - 6a -I- 9) - 5 

eye eye 

V' 

Example 8.3.5. Let a, b, c be positive real numbers. Prove that 

(2a -I- b + c)2 (2b +- c -I- a)2 (2c + a -I- b)2 12 
--'--:::---:-:-----'-:-;:- -I- -I- <. 
4a3 -1-(b+c)3 4b3 +(c+a)3 4c3-1-(a-l-b)3 - a-l-b-l-c 

(Pham Kim Hung) 

SOLUTION. Suppose that a -I- b + c = 3. The problem becomes 

Notice that 

(3 -I- a)2 
L 4a3 -I- (3 _ a)3 ::; 4. 
eye 

(3-1-a)2 4 

4a3 -I- (3 - a)3 3 

(a - 1)( -4a2 - 15a + 27) 
4a3 -I- (3 - a)3 

( ) (
2 (a -1)(-2a2 - 12a - 9)) 2(a -1) = a-I -+ <. 
3 4a3 +(3-a)3 - 3 

We conclude that 

(3 -I- a)2 < (~_ 2(a - 1)) _ 4 L 4a3 -I- (3 - a)3 - L 3 -I 3 -. 
eye eye 

Example 8.3.6. Let a, b, c, d be non-negative real numbers. Prove that 
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SOLUTION. WLOG, assume that a'2 -I- b'2 -I- c'2 -I- d'2 = 1. The problem becomes 

a + b -I- c -I- d > 3V3. 
1 - a'2 1 - b2 1 - c2 1 - d2 - 2 

By AM-GM inequality, we get 

2a' (1 - a')(1 - a') s G)' => a(1 - a') s 3~ => 1:': a' > 3'1; a'. 

Therefore we conclude that 

~ a > 3V3 (~a'2) = 3V3. 
~ 1-a2 - 2 ~ 2 
eye eye 

Equality holds for a = b = c, d = 0 up to permutation. 

Example 8.3.7. Let a, b, c be non-negative real numbers. Prove that 

abc 3efabc 2 --+--+---1- > . 
b-l-c c-l-a a-l-b 2(a+b-l-c)-

SOLUTION. Applying Cauchy-Schwarz inequality, we get 

~ a (a-l-b-l-c)2 
~b-l-c ~ 2(ab-l-bC-l-ca)" 
eye 

We normalize a -I- b + c = 1 and prove that 

1 33~ ..... - + -vabc> L. 2x 2 -, 

(Pham Kim Hung) 

1 1 
where x = ab + be -I- ea < '3. If x $ 4"' we are done immediately. Otherwise, by Schur 

inequality, we have 9abe ~ 4x - 1 ~ 0, so it suffices to prove that 

or 

or 

1 ij3 
-+-ef4x-1 >2 2x 2 - , 

(4x - 1) (3x - 1) (x2 - 5x + 1) ~ 0 ; 

This last inequality is true since ~ $ x $ ~ (therefore x2 - 5x + 1 < 0), and the 

desired result follows. Equality holds for a = b = e or a = b, e = o. 
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Example 8.3.8. Let a, b, c be non-negative real numbers. Prove that 

111 9 
-:----:-=- + + > . 
(a+b)2 (b+c)2 (c+a)2 - 4(ab+bc+ca) 

(Iran TST 1996) 

SOLUTION. We normalize ab + bc + ca = 1. The inequality becomes 

4 I)a + b)2(a + c)2 ~ 9(a + b)2(b + c)2(c + a)2 
eye 

or 

Denote s = a + b + c. We can rewrite the inequality in terms of 8 and abc as follows 

4(S4 - 282 4- 1 + 48abc) ~ 9(8 - abc)2. 

If 8 2: 2, we get the conclusion immediately because 

LHS 2: 4(S4 - 282 + 1) = 982 + (82 
- 4)(482 

- 1) 2: 9s2 ~ 9(s - abc)2 = RHS. 

Otherwise, we may assume that s ~ 2. According to Schur inequality, we get 

eye eye eye 

Moreover, 9abc ~ (a + b + c)(ab + bc + ca) = 8, so we conclude that 

LHS - RHS = (s2 - 4)(4s2 
- 1) + 34sabc - 9a2b2c2 ~ (82 - 4)(4s2 - 1) + 338abc 

2 2 11 2 2 3( 2 2 2: (8 - 4)(4s - 1) + 2(4 - 8 )(8 -1) = 2 4 - s )(s - 3) ~ O. 

This ends the proof. Equality holds for a = b = c or (a, b, c)=(l, 1,0). 

Example 8.3.9. Let a, b, c, d be positive real numbers. Prove that 

abc bed 
-:-( d--l--a-)-( d--l---:-b )--:-( d--l----'-c) + (a + b) ( a + c) (a + d) + 

cda dab > 1 
+(b+a)(b+c)(b+d) + (c+a)(c+b)(c+d) - 2' 

(Nguyen Van Thach) 
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D 1 1 1 1 h' Ii b SOLUTION. enote x = -,y = -,z = -, t = -d' t e mequa ty ecomes 
abc 

x3 y3 

(x -I- y)(x -I- z)(x -I- t) -I- (y + x)(y -I- z)(y + t) -I-
z3 t3 1 

-I- -I- >-. 
(z -I- x)(z -I- y)(z -I- t) (t -I- x)(t -I- y)(t -I- z) - 2 

WLOG, assume that. x + y + z + t = 4. By AM-GM inequality, we have 

( 
y-l-Z-l-t)3 ( 4_X)3 8 (x-l-y)(x-l-z)(x+t) ~ x-l- 3 = X-l--

3
- = 27(x-l-2)3. 

So we only need to prove that 

x3 y3 z3 t3 4 

(x -I- 2)3 -I- (y + 2)3 -I- (z -I- 2)3 + (t -I- 2)3 ~ 27' 

But, it is easy to check that 

x3 _ 2x - 1 = 2( x-I) 2 (_x2 -I- 6x -I- 4) > 0 
(x -I- 2)3 27 27(x -I- 2)2 -

because 0 ~ x ~ 4. We can conclude that 

~ x3 > ~ 2x - 1 ._ 4 
~ (x+2)3 - ~ 27 - 27' 
eye eye 

This ends the proof. Equality holds for x = y = z = t = 1 or a = b = c = d. 

8.4 Symmetric separation 

Review example 8.3.4 in the normalization section. 

How does one final the following inequality, which solves the problem earl? 

1 <~ _ 2(a - 1) ? 

2a2 - 6a + 9 - 5 25 . 

In this part, we will explain how to use "symmetric separation", an approach that 

has been used previously. 

This approach can help us solve many problems which are represented in the form 

fndeed, to prove such inequalities, we will find functions g(x) such that f(x) ~ g(x) 

and 

Let's consider the following example 
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Example 8.4.1. Let a, b, c be positive real numbers s1lch that abc = 1. Prove that 

1 1 1 ..,.......,;:----:---:::- + + > ] 
3a2 + (a - 1)2 ;3b2 + (b - 1)2 3c2 + (c - 1)2 - _. 

(Le Huu Dien Khue) 

SOLUTION. We want to find a real constant k such that 

1 1 
3a2 + (a _1)2 ~ 3" + kIna. 

If there exists such a valid number k, we can conclude (notice In a + In b -+ In c = 0) 

Denote 
1 1 

J (x) = -3 2 ( ) 2 - k In x - -. x + x-1 3 

Notice that a = b = c =: 1 makes up one case of equality. We predict that such a 

number k will bring about /'(1) = O. Since 

') -8x + 2 
J (x ==- (3x2 + (x _ 1)2)2 

k 
, 

x 

-2 
we infer k = 3' In this case, 

J
'( ) - -8x+ 2 _ ~ _ 2(x-1)(16x3 -1) 

x - 2 +- - 2' 
(3x2 + (x - -1 )2) 3x 3x (3x2 + (x - 1)2) 

Unfortunately, the equation J'(x) ,::;; 0 has more than one root, so the inequality 

J(x) ~ 0 is wrong (in fact, if we let x --+ 0 then J(x) --+ -00). However, from the 

derivative of J(x), we can at least obtain that J(x) ~ J(1) = 0 for all x E [~, +00 ) . 

So if all a, b, c belong to [~, +00 ) , we have are 

1 (1 2 ) > - - - . In a = 1. L 3a2 + (a - 1)2 - L 3 3 
~e ~e 

1 1 
What if some numbers among a, b, c are smaller than "2? Suppose that a $ "2 then 

3a2 + (a - 1)2 $ 1 and the problem becomes obvious 

1 1 
L 3a2 + (a - 1)2 ~ 3a2 + (a _ 1)2 ~ 1. 
eye 
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We are done. Equality holds for a = b = c = 1. 

Making up the estimation 

1 1 
3a2 + (a _ 1) 2 ~ 3 ~ k In a 

is a technique called "symmetric separation". If it's hard to prove L f(x,,) ~ 0, 
eye 

we can separate this sum into smaller components f(Xi) ~ g(Xi) then prove that 

L g(Xi) ~ O. Also, g(x) should be guessed from the data given in the hypothesis: if 
eye 

the hypothesis is XIX2",Xn = 1, we may predict g(x) = klnx (k is a constant); if the 

hypothesis is Xl +X2 + ... +Xn = n, we may predict g(x) = k(x-l); if the hypothesis 

is xi + x~ + .. , + x~ = n, we may predict g(x) = k(x2 - 1), etc. Notice that these 

predictions must also depend on the case of equality (for example, above predictions 

of g(x) are based on the case Xl = X2 = .. , = Xn = 1). 

How do we figure out a valid number k? Suppose that f(x) has derivative and 

you predict that case Xl = X2 = ... = Xn = 1 makes up the equality then, is given by 

f'(I) = O. 

Although in some situations, the inequality f(x) ~ g(x) doesn't hold for all X in 

the required range, it can hold for a large range of X and the work left may easy, as 

in example 8.4.1 when we examined case a =:; ~. 

Example 8.4.2. Let a, b, c be positive real numbers such that abc = 1. Prove that 

1 1 1 
a2 - a + 1 + b2 - b + 1 + c2 - c + 1 =:; 3. 

(Vu Dinh Quy) 

SOLUTION. First, we will prove that 

1 
f(x) = 2 1 + lnx -1 ~ 0 \fx E (0,1.8J. 

X -x+ 

Indeed, we have 

f' (x) = - 2x + 1 + ! = (x - 1) (x3 - x 2 - 1) 
(x2 -x+l)2 X (x2-x-l)2 

The equation x 3 = x 2 + 1 has exactly one real root in (0,2], so it's easy to infer that 

max f(x) = max{f(I), f(1.8)} = O. 
O:::;x9·B 
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Therefore we are done if all a, b, c are smaller than 1.8. Otherwise, we suppose that 

a 2: 1.8. If a 2: 2 then we have 

"" 1 1 1 1 1 4 4 
L..t a2 - a + 1 ~ 22 - 2 + 1 + (b _ 1)2 +.:! + (c _ 1)2 -I-.:! ~ 3" + 3" + 3" = 3. 
eye 2 4 2 4 

So it's enough to consider the case 1.8 ~ a ~ 2. WLOG, suppose that b 2: c. Because 
1 

a ~ 2, we must have b 2: y'2 ' If a 2: 1.9 then we can conclude by 

1 
If a < 1.9 then b > r-tf\ and we also conclude by 

- - v1.9 

1 1 1 4 
L a2 - a + 1 ~ 1.82 - 1.8 + 1 + _1 __ 1_ + 1 + '3 < 3. 
eye 1.9 v'l.9 

The proof is finished. Equality holds for a = b = c = 1. 

Comment. Taking into account example 2.1 .9 we can solve this problem differently. 

Notice that 

So 

"" a
2 
+ 1 3 "" a 4 1 1 

L., a2 - a + 1 = + L..t a2 - a + 1 ~ ~ L a2 - a + 1 + L a2 + a + 1 ~ 4. 
eye eye eye eye 

1 1 
Because by (*) E 2 2: 1 we conclude E 2 ~ 3. 

eye a + a + 1 eye a - a + 1 
• 

Example 8.4.3. Suppose that a, b, c, d, e, J are six positive real numbers satisfying 

abcdeJ = 1. Prove the following inequality 

2a + 1 2b + 1 2c + 1 2d + 1 2e + 1 2 J + 1 < 4 
a2 + a + 1 + b2 + b + 1 + c2 + c + 1 + d2 + d + 1 + e2 + e + 1 + J2 + f + 1 - . 

(Pham Kim Hung) 

SOLUTION. Consider the following function with x> 0 

( ) 
1 + 2x lnx 1 J x - +--- 1 +x +x2 3 . 
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We have certainly 

I -2x2 -2x-l-1 1 (x-1)(x3 -3x2 -6x-1) 
J (x) = (1 -I- x + x2)2 -I- 3x = 3x(1 -I- x -I- x 2)2 . 

Notice that the equation x 3 = 3x2 -I- 6x + 1 has exactly one real root Xo in (1, -1-00). 

Since 4 ::; Xo ::; 12 we have 

max J(x) = max{J(l), J(12)} = O. 
O<x~12 

If all a, b, c, d, e, J are smaller than 12 then we conclude that 

'" 1 + 2a < L (1 -I- In a) = 6. 
~ 1 +a-l-a2 - 3 
eye eye 

Otherwise, suppose that a ~ 12. Notice that 

7(1 + x + x 2
) - 6(1 -I- 2x) = 7x2 

- 5x + 1 > 0 \ix E R, 

so we deduce 
1 -I- 2a 1 + 2·12 5·7 

'" < -1-- < 6. ~ 1 + a + a 2 - 1 + 12 + 122 6 
eye 

We are done. Equality holds for a = b = c = d = e = f = 1. 

Example 8.4.4. Suppose that a, b, c, d a·,.e positi'ue real numbers satisfying abed = 1. 

Prove that 
1-1-a l+b 1-1-c 1-1-d 

1 -I- a2 -I- 1 -I- b2 -I- 1 -I- c2 + 1 -I- d 2 :::; 4. 

SOLUTION. Consider the following function with x> 0 

We obtain 

J( ) = 1 + x In x _ 1 
x 1 + x 2 + 2 . 

I (x - 1)( x 3 
- x 2 

- 3x - 1) 
J (x) = . 

2x(1 -I- x 2)2 

(Vasile Cirtoaje) 

Since the equation x 3 = x 2 -I- 3x + 1 has exactly one real root Xo and 4 ~ Xo > 1 it's 

easy to get 

max J(x) = max{J(l), J(4)} = O. 
O<x~4 

If all a, b, c, d are smaller than 4 then we are done because 
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Now suppose that a ~ 4. Since 21(1 -I-x2) -17(1 +x) = 21x2 -17x-l-4 > 0, it follows 

that 
~ 1 -I- a > _1 + 4 _ 3· 21 = 4 
~ 1 -I- a2 - 1 -I- 42 -I 17 . 
eye 

The proof is finished. Equality holds for a = b = c = d = 1. 

Example 8.4.5. Suppose that a, b, c, d, e, f are six positive real numbers satisfying 

abcdef = 1. Prove the following inequality 

a-I b-l c-l d-l e-l f-l 
~---+ -I- -I- -I- + <0 
a2 + a + 1 b2 -I- b -I- 1 c2 + c -I- 1 d2 + d + 1 e2 -I- e + 1 f2 -I- f + 1 - . 

(Pharo Kim Hung) 

SOLUTION. Consider the following function with x > 0 

x-I lnx 
f( x) - --:----

- x2 -1-x-l-1 -T· 

Not.ice that 
I (x-1)(-x3 -6x2 -3x-l-1) 

f (x) = 3x(x2 -I-x -I- 1)2 . 

1 
The equation x 3 -I- 6x2 -I- 3x = 1 has exactly one real root Xo and clearly, Xo > '5. 
Therefore 

max f(3:) = max {f(1), f (..!..)} = o. 
l>x>-1- 11 

- -11 

1 
If all a, b, c, d, e, f are greater than IT' we are done because 

a-I < ~ Ina = o. 2: a2 -I- a + 1 - ~ 3 
eye eye 

1 x-I 
Now suppose that a::; -. Because the function g(x) = 2 1 has the derivative 

11 x -I-x-l-
I _x2 + 2x + 2 . ( 1 ) 

9 (x) = (x2 -I- x + 1) 2 ' we Infer g( a) < 9 Ii and 

maxg(x) = 9 (1 -I- J3) 
x>o 

and therefore we conclude that 

g(a) -I- g(b) -I- g(c) -I- g(d) -I- g(e) -I- g(J) ::; 9 (1\) -I- 5g (1 -I- J3) < o. 

V 
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Example 8.4.6. Suppose that a, b, c, d, e, I, g are positive real numbers such that a + 
b + c + d + e + I + g = 7. Prove that 

SOLUTION. The inequality is equivalent to 

Lln(a2-a+1)~0. 
eye 

Consider the function I(x) = In(x2 - x + 1) - x + 1. We have 

It's easy to get that 

J'(x) = (x - 1)(2 - x). 
x2 +x + 1 

min I(x) = min{I(1),I(2.75)} = O. 
O$x$2.75 

If all a, b, c, d, e, I, g are smaller than 2.75 then we are done 
• 

L In(a2 - a + 1) ~ L(1 - a) = O. 
eye eye 

Otherwise, suppose that a ~ 2.75. Since x 2 
- x + 1 ~ ~ Vx E JR, 

(Pham Kim Hung) 

Lln(a2 - a + 1) ~ In (2.752 - 2.75 + 1) + 6 ·In (~) > O. 
eye 

The proof is finished. Equality holds for a = b = c = d = e = I = g = 1. 

Example 8.4.7. Let a, b, c, d be positive real numbers such that a + b + c + d = 4. 

Prove that 
11112222 -+-+-+->a +b +c +d. 
a 2 b2 c2 d2 -

SOLUTION. Consider the following function of positive variable x 

1 2 I(x)=2-x +4x-4. 
x 

(Pham Kim Hung) 
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We clearly have 

-2 -2(x -1)(x3 - x 2 - X - 1) 
J'(x) = -3 -2x+4= 3 . 

x X 

The equation J'(x) = 0 has exactly two positive real roots. One root is 1 and one 

root is a number greater than 1. 

max f(x) = max{f(1) ; f(2.4)} = O. 
O<x::;2.4 

If a, b, c, d are smaller than 2.4, we get the desired result since 

1 L a 2 - La2 = Lf(a) 2:: O. 
eye eye eye 

Otherwise, we may assume that a 2:: 2.4 2:: b 2:: c 2:: d. Since b + c + d ::; 1.6, we get 

1 1 1 27 
b2 + c2 + tP 2:: (b+ c+ d)2 > 10. 

(i). The first case. a ::; 3. We have the desired result since 

since 3 2:: a 2:: 1. 

(ii). The second case. If a 2:: 3. Similarly, we get 

1 1 1 27 2 22 2 
-2 + -2 + -2 > ( d)2 > 27 > 16 > a + b + c:- + d . bed - b+ c+ -

Therefore the inequality is proved in every case. Equality holds for a = b = c = d = 1. 



• 



Chapter 9 

• 

Problems and Solutions 

After reading the previous 8 chapters, to discover a higher level of inequalities. In 

this chapter, there are 100 collected inequalities from recent mathematics cOlltests 

and creations of some authors from all over the world. I hope they will elf-pid a 

colorful picture so that. you can appreciate their beauty. Perhaps, solving thoroughly 

100 problems will cost YOll a remarkable amount of time, so, just see them as an 

interesting game of imagination, play with them rather than" work with them". If 

you can solve 70 problems, you are really good. If you can solve 90 problems, you are 

absolutely brilliant. If you can solve all, you must be a genius of inequalities. Take 

your time. 

143 
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• 

Problem 1. Let a, b, c be non-negative real numbers such that a + b + c = 3. Prove 

the following inequality 

(Pham Kim Hung) 

SOLUTION. WLOG, assume that a 2:: b 2:: c. Certainly, we have 

It suffices to prove that 

M = a2b2(a2 - ab + b2) ~ 12. 

D a-b d a+b 3 R . M" h C enote x = -- > 0 an s = -- < -. ewnte mto t e lorm 
2 - 2 - 2 

M = (s2 - x 2)2(s2 + 3x2). 

9 
::} -M < 27 ::} M _< 12. 

4 -

Equality holds for a = 2, b = 1, c = 0 up to permutation. 

Comment. By the same approach, we can prove the following results 

* Let a, b, e be non-negative real numbers. Prove that 

a 2 b2 c? 
(a) + + > 2. 

b2 - bc + e2 e2 - ca + a2 a2 - ab + b2 -
abc 

(b) + + > 2. 
Vb2 -be+e2 Vc2 -ca+a2 Va2 -ab+b2 -

1 1 1 6 
(e) b2 _ be + e2 + c2 - ca + a2 + a2 - ab + b2 2:: ab + bc + ca· 

* Let a, b, e be non-negative real numbers and a 2 + b2 + c? = 2. Prove that 

To prove them, we carry out the same procedure. Suppose that a 2:: b 2:: e then 

a 2 
- ac + e2 ~ a 2 and b2 - bc + e2 ~ b2. The problems are changed to simpler forms 

in two variables a and b only; the remaining work is easy. 
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Problem 2. Suppose that a, b, c are positive real numbers. Prove that 

-+-+- --+--+-- > . (
1 1 1) (1 1 1) 9 
abc 1 + a 1 + b 1 + c - 1 + abc 

(Walther J anous) 

SOLUTION. By Rearrangement inequality, 

1 1 1> 1 1 1 
-a(-:-I-+-a""'-) + b(1 + b) + c(1 + c) - b(1 + c) + c(1 + a) + a(1 + b)' 

Hence the inequality will be proved if these relations are fulfilled 

1 3 1 3 L > ; L > . 
b(1 + c) - 1 + abc a(1 + c) - 1 + abc 

~e ~e 

We choose to prove the first inequality (the second one can be proved similarly) . Let 
ky b kz kx The chi" . . h C a = -, = -, c = -. relore t e inequa Ity IS reWrItten mto t e lOrm 
x y z 

" 1> 3 #" Y 3k ~ kz k 2x - 1 + k 3 ~ Z + kx 2: 1 + k 3 . 
eye _ + _ eye 

y y 

According to Cauchy-Schwarz inequality, we have 

" y > (x + y + z)2 > _3_. 
~ z + kx - (k + 1) (xy + y z + zx) - k + 1 
eye 

So it suffices to prove that 

which is obvious. The equality holds for x = y = z, k = 1 # a = b = c = 1. 

Problem 3. Let a, b, c be positive real numbers satisfying a 2 + b2 + c2 = 3. Prove that 

abc <.!. 
a 2 + 2b + 3 + ~2 + 2c + 3 + c2 + 2a + 3 - 2' 

(Pham Kim Hung) 

• 
So LU';I'lON. We certai[}~y th.a~e '02 +- il .2: 20", 1>2 + il..2: 2 .~, :c2 +- 1 > 2c1 thenefOlle 
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I t remains to prove that 

""'" a < 1 {::} ""'" b + 1 > 2. 
L a +b+1- L a +b+1-
eye eye 

Notice that a2 + b2 + c? = 3, so 

eye eye eye eye 

According to Cauchy-Schwarz inequality, we deduce that 

""'" b+1 (a+b+c+3)2 2 
L a +b+1 ~ (b+1)(a+b+1)+(c+1)(b+c+1)+(a+1)(c+a+1) = . 
eye 

The proof is finished. Equality holds for a = b = c = 1. 

Problem 4. Let x}, X2, ... , Xn be positive real numbers and XIX2 .•• Xn = 1. Prove that 

222 
Xl + X2 + ... + Xn > + + ... + ---

- 1 + Xl 1 + X2 1 + Xn 

(Pham Kim Hung) 

2 2x· 
SOLUTION. Because 2 - - 1 1 ,the problem can be rewritten to 

1 + Xi + Xi 

L 
2x· 

Xi + ""'" 1 ~ 2n. 
L x ·+1 

eye eye 1 

According to AM-G M inequality, we conclude that 

2 ""'" ""'" 2Xi 2 L (Xi + 1 2Xi) LXi - 1 -n+Lxi+L =-n+ + + > 
Xi + 1 2 1 + Xi 2 

eye eye eye eye 

5n ""'" 1 ""'" -3n VfF n VfF ~ -"2 + L JXi + "2 L Xi ~ -2- + 2n :2 Xi + '2 Xi = O. 
eye eye eye eye 

This ends the proof. Equality holds for Xl = X2 = '" = Xn = 1. 
• 

Problem 5. Prove that for all positive real numbers a, b, c E [1,2], we have 
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SOLUTION. Instead of the conditi~n a, b, c E [l,2J, we will prove this inequality with 

a stronger condition that a, b, c are the side lengths of a triangle. Using the identities 

6 ('" _a ) _ 3 = '" (a - b )2 
, L..,.. b + c L..,.. (a + c)(b + c) , 

eye eye 

the inequality is equivalent to 

Sa = ~ _ 3 ; S _ 1 3 
bc (a + b)(a + c) b - ca - (b + c)(b + a) 

1 3 
Se = -- . 

ab (c+a)(c+b) 

WLOG, suppose that a 2:: b 2:: c, hence Sa 2:: Sb 2:: Se. Notice that 

Sb + S = - - + - - -- -- + -- > 0 1 (1 1) 3 (1 1) 
e abc b+c a+b a+c -

# -+->-- --+-- . 11 3 (a a) 
b c-b+c a+b a+c 

Because a ~ b + c, we have 

RHS < _3_ ( b + c + b + c) = _3 _ + 3 . 
- b + c 2b + c 2c + b 2b + c 2c + b 

By Cauchy-Schwarz inequality, we get 

1 1 (3 3) 1 (1 2 9) 1 (1 2 9) 
b + C - 2b + c + 2c + b = 3" b + C - 2c + b + 3" C + b - 2b + c 2:: o. 

We conclude Sb + Se ~ 0, which implies that Sa ~ Sb ~ 0 and 

Equality holds for a = b = c or a = 2b = 2c up to permutation. 

Problem 6. Let a, b, c be positive real numbers such that a + b + c = 3. Prove that 

2 2 2 2+a 2+b 2+c 
a +b +c 2:: 2+b + 2+c + 2+a· 

(Pham Kim Hung) 
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SOLUTION. (Cauchy reverse) By AM-GM, we deduce that 

~ 2 + a = ~ 2 + a _ ~ b(2 + a) > ~ _ 3{1abc. 
~ 2 + b ~ 2 ~ 2(2 + b) - 2 2 
eye eye <-"'lie 

So it's enough to prove that 

~ 2 3 {I abc (a + b + C)2 
~a + 2 2:: 2 
eye 

<=? L a2 + 3(a + b + c)~abc 2:: 2 Lab . 
• eye eye 

Let x = -era, y = {Ib and z = fIC. By AM-GM inequality and the sixth Schur 

inequality, we have the desired result immediately 

L x 6 + XYZ L x 3 2:: L x 6(y + z) = L xy(x4 + y4) 2:: 2 L x 3y3. 
eye eye eye eye eye 

The equality holds for a = b = c = 1. 

Problem 7. Let x, y, z be non-negative real numbers with sum 3. Prove that 

~+ ~+ ~>J3. 
V~ V~ VTT2xy-

(Phan Thanh Viet) 

SOLUTION. According to Cauchy-Schwarz inequality, we deduce that 

~ x
2 

~ V ~ = ~ -/XJx2 + 2x2yz 

> (x+y+z)2 

- ..;x. Jx2 + 2x2yz + vy. J y2 + 2y2zx + Vi· J z 2 + 2z2xy 

(x + y + z)2 > . 
- ..j(x + y + z) (x2 + y2 + z2 + 2xyz(x + y + z)) 

So it's enough to prove that 

(~x)' ~3 (~X2) +6xyz (~x) 
# (~x)' > (~x) (~X2) +6xyz (~x) # 3~X(y- z)' ~ 0, 

which is obvious. The proof is finished and equality holds for a = b = c = 1 and 

a = 3, b = c = 0 up to permutation. 
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Problem 8. Let ai, a2, ... , an be positive real numbers and ala2 ... an = 1. Prove that 

(Gabriel Dospinescu) 

SOLUTION. From the obvious inequality (v'x - 1)4 2: 0, we see that 

1 +x2 {1+";2 
2 ~ (x - Vx + 1)2 ~ V ~ + Vx ~ 1 + x. 

According to this result, we have of course 

n 
because AM-GM inequality yields that L..;ai 2: n. The conclusion follows and 

i=l 
equality holds if al = a2 = ... = an = 1. 

Comment. We can solve this problem by using symmetric separation. Indeed, con

sider the following function 

I(x) = J 1 + x2 - J2x + ( J2 - ~) In x. 

Since 

f'(x) = x _ J2 + (J2 - ~) . .!. 
J1 + x2 J2 x 

(x - 1) ~ 2x3 + X - 1- 2x2J2(1 + x2)) 
-

X (J2x2 + J1 + x2) J2(1 + x2) 

Notice that 1 + 2x2J2(1 + x2) 2: 1 + 2x2(1 + x) 2: 2x3 + X so we infer that f'(x) = 

o ~ x = 1. It's then easy to deduce that maxf(x) = 1(1) = O. Therefore 
x>o 

Problem 9. Let a, b, c, k be positive real numbers. Prove that 

a + kb b + kc c + ka < abc --+ + -+-+-. 
a + kc b + ka c + kb - b c a 

(Nguyen Viet Anh) 
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SOLUTION, We denote 

1 + k' ~ 
X - b 

- 1+k 

According to HOlder inequality, we get 

or equivalently XY Z 2:: 1. Now rewrite the inequality into the following form 

'" (a c + ka) '" c( a - b) 0 '" ~ - 1 > 0 
~ b - c + kb 2:: 0 ~ ~ b( c + kb) 2:: ~ ~ 1 + ~b -

(k + 1) (X - 1) X Y Z 1 1 1 
~ L (k + 1)Y 2:: 0 ~ Y + Z + X 2:: X + Y + Z 

eye 

which is true according to AM-GM inequality because 

X (X X Z) ?jXZ '" 1 3~y=~ y+y+X 2::3~ y2 =3~y' 

Equality holds for X = Y = Z = 1 or equivalent to a = b = c. 

Problem 10. Let a, b, c be positive real numbers such that abc = 1. Prove that 

1 111 
..,-----~ + + > -
(a+l)(a+2) (b+l)(b+2) (c+l)(c+2) - 2' 

(Pham Kim Hung) 

SOLUTION, By hypothesis abc = I, so there are three positive real numbers x, y, z for 
. yz zx xy , . 

which a = 2' b = 2' c = 2' The mequalIty becomes 
x y z 

According to Cauchy-Schwarz inequality, we deduce that 

(x2 + y2 + z2)2 
LHS> , 

- (x2 + yz)(2x2 + yz) + (y2 + zx)(2y2 + zx) + (z2 + xy)(2z2 + xy) 

It remains to prove that 

2(x2 + y2 + z2)2 2:: L (x2 + yz)(2x2 + yz) 
eye 

• 
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eye eye eye 

which is obvious. Equality holds for x = y = z or a = b = c = 1. 

Problem 11. Let a, b, c, d be non-negative real numbers such that a + b -I- c -I- d = 4. 

Prove that 

a2 + b2 + c2 + d2 - 4 ~ 4(a - l)(b - l)(c - l)(d - 1). 

(Pham Kim Hung) 

SOLUTION. Applying AM-GM inequality, we get 

a 2 + b2 + c? + d2 
- 4 = (a - 1) 2 + (b - 1) 2 + (c - 1) 2 + (d - 1) 2 

~ 4Jla -l)(b - l)(c - l)(d - 1)1. 

It suffices to consider the inequality in the case a ~ b ~ 1 ~ c ~ d (in order to have 

(a - l)(b - l)(c - l)(d - 1) ~ 0). Since a + b :::; 4 and c, d :::; 1, 

(1 - c)(l - d) ~ 1 ; 

1 
(a - l)(b - 1) ::::; 4(a -I- b - 2)2 ~ 1 ; 

Therefore we reach the desired result since 

JI(a - l)(b - l)(c -l)(d -1)1 ~ (a - l)(b - l)(c - l)(d - 1) 

Equality holds for a = b = c = d = 1, a = b = 2, c = d = 0 and any permutations. 

Problem 12. Let x, y, z be distinct real numbers. Prove that 

x2 y2 z2 
..,.----:-:::- + + > 1. 
(x-y)2 (y-z)2 (z-x)2-

(Le Huu Dien Khue) 

SOLUTION. We have 
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x2 x 2 X X x2 yz 
= 3 + 2'" - + '" - - 4 '" - + 4 '" - - 2 '" - - 2 '" 2-~ z2 ~ y2 ~ Z ~ Y ~ yz ~ x2 

eye eye eye eye eye eye 

X Z Y 
( )

2 

= - + - + - - 3 ~ o. 
z y x 

We conclude that 

eye 

x2 y2 z2 
=>(x-y)2 + (y-z)2 + (z-x)2 ~ 1, 

as desired . Equality holds for all triples (x, y, z) such that ~ + ~ + '#.. = 3. 
• z y x 

Problem 13. Let a, b, c, d be non-negative real numbers with sum 3. Prove that 

ab(b + c) + bc(c+ d) + cd(d +a) + da(a + b) ~ 4. 

SOLUTION. WLOG, we may assume that b + d ~ a + c. We have 

ab(b + c) + bc(c -I- d) + cd(d + a) + da(a + b)= 

= (a + c)(bc -I- da) + (b -I- d)(ab + cd)= 

(Pham Kim Hung) 

= (a + c) ((a + c)(b -I- d) - (ab + cd)) + (b + d)(ab + cd)= 

= (a+c)2(b+d) +(ab-l-cd)(b-l-d-a-c)~ (a+c)2(b+d). 

Finally, AM-GM inequality shows that 

2(a + c)2(b -I- d) = (a + c)(a + c)(2b + 2d) ~ 8 => (a + c)(b + d)2 ~ 4. 

Equality holds for a = 1, b = 2, c = d = 0 and permutations. 



9.0. Problems and Solutions 153 

Problem 14. Let alt a2, ... , an be arbitrary real numbers. Prove that 

n n 

L lai +ajl > n Llail. 
i,j=l i=l 

(Iran TST 2006) 

SOLUTION. Separating the sequence (all a2, ... , an) into two sub-sequences of non

negative and elements 

with n = r+s, bi ~ 0 'l:;/i E {1,2, ... ,r}, Ci > O'l:;/j E {1,2, ... ,s} . 
T B 

Let R = L bi and S = L Cj. The inequality becomes 
i=l j=l 

• 

2t.t, lbi -sl + 2r t. bi + 28 t,o; ~ n (t.b' + t, Cj) 

T B 

{:} 2LLlbi -Cjl > (s-r)(R-S). 
i=lj=l 

WLOG, suppose that s ~ r . Clearly, we only need to consider the case R > S. Hence 

T B T 

i=l j=l i=l 

We will prove that 

2(sR-rS)~(s-r)(R-S) {:} S(s-r)+r(R-S)+sR-rS~O, 

which is obviously true because s ~ rand R ~ S. Equality holds if and only if 

la11 = la21 = ... = lanl and in the set {all a2, ... , an}, the number of the negative 

terms is equal to the number of the non-negative terms. 

Problem 15. Let a, b, C be non-negative real numbers. Prove that 

3(a + b + c) ~ 2 ( J a2 + be + Jb2 -I- ca + J c2 + ab) . 

(Pham Kim Hung) 
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SOLUTION. WLOG, we may assume that a ~ b ~ e. Hence 

We need to prove that 

2J2(b2 -I- e2 ) -I- 2a(b -I- e) -I- 2Ja2 -I- be ~ 3(a -I- b -I- e). 

Let s = !(b -I- e). Squaring both hand sides, we obtain an equivalent inequality 
2 

Clearly, 

8(b2 + c?- -I- 2as) ~ 9(a -I- 2s)2 -I- 2(a2 -I- be) -12(a -I- 2s)Ja2 -I- be 

<=? (a - 28)2 -I- 20bc ·~ 12(a -I- 2s) ( Ja2 -I- be - a) . 

-J be be a2 -I-be-a = <-. 
a-l- Ja2 -I-be - 2a 

So it suffices to prove that 

(a _ 2s)2 -I- 20be ~ 6(a -I- 2s)be 
a 

12(a - s)be 
<=? (a-28)2-1-2be-l- ~O. 

a 
which is obvious because a ~ s. Equality holds for a = b, e = 0 or permutations. 

Problem 16. Suppose that a, b, e are three non-negative real n·umbers. Prove that 

1 1 1 10 
a2 -I- b2 -I- b2 -I- (.:2 -I- (.:2 -I- a2 ~ (a -I- b -I- e)2' 

(Vasile Cirtoaje, Nguyen Viet Anh) 

SOLUTION. WLOG, assume that e = min(a, b, e), then 

b2 -I- c2 < (b -I- ~) 2 = x 2
, 

a2 -I- e2 ~ (a -I- ~) 2 = y2, 

a2 -I- b2 :::; (a -I- ~) 2 -I- (b -I- ~) 2 = x 2 -I- y2. 

We deduce that 

LHS> (2- -I-~) . ~ -I- (~ -I- ~) . ! -I- 1 > 
- x2 y2 4 x 2 y2 4 x 2 -I- y2 -

3 
- ·8 1 1 6 ( )2 > 4 -1-_-1- > -I- x-l-y > 

- (x -I- y)2 2xy x 2 -I- y2 - (x -I- y)2 2(x4 -I- y4) -
10 

~ (X-l-y)2' 
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We used Holder: (x + y)(x + y) (:2 + y12) ~ 8. Equality holds for a = b, c = 0 or 

permu tations. 

Comment. This solution can help us create a more general problem 

* Let all a2, ... , an be non-negative real numbers. Find the maximum k such that 

the following inequality holds 

1 11k 
2 2 2+ 2 2 2+"'+ 2 2 2 > . a2 +a3+···+ an a I +a3 + .. ·+an a1 +a2 + ... +an_1 (al+ a2+ ... + an)2 

1 n 

WLOG, suppose that al ~ a2 ~ ... ~ an· Denote a = al + "2 iE ai and b = a2 + 

1 n n n 

"2 iE ai· Clearly, af + j"f3 aJ S; a2;b2 + j"f3 a; S; b2 and for all k E {3,4, ... ,n} 

n 

af + a~ + L a; S; a2 + b2
. 

j=l,j"/-k 

Case a3 = a4 = ... = an = 0 makes up the equality in all above inequalities. Therefore 

it's sufficient to examine the following expression for positive real numbers a, b with 

a+b=l 
n -2 1 1 

A = a2 + b2 + a2 + b2' 

Denote x = a2 + b2 (x ~ ~) then 2ab = 1 - x, therefore 

n-2 4x 
A = -x- + (1-x)2 = f(x) 

. 1 
NotIce that x ~ "2' so 

f '( ) - -n + 2 4(1 + x) > 0 \.I < 14 x - 2 + ( )3 _ , vn - . x I-x 

Hence ifn E {3,4,5, ... ,14}, we can conclude that 

f (x) ~ f (~) = 2n + 4 =} k = 2n + 4. 

If n ~ 15, the function 4x2(1 + x) - (n - 2)(1 - x)3 = 0 has exactly one real roots 

greater than! (because f (!) < 0). Suppose that Xo is this root, then k is exactly 
2 

n - 2 4xo 
k = min f(x) = f(xo) = -- + (1 )2 

!$:z:<l Xo - Xo 
• 

We can prove by a similar method the next problem. 
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* Let a, b, e, d be positive real numbers. Prove that 

1 1 1 1 1 1 243 
a3 + b3 + a 3 + c3 -I- a3 + d3 + b3 + c3 + b3 + d3 + e3 + d3 ~ 2(a + b + e + d)3' 

V' 

Problem 17. Let a, b, e, d be positive real numbers such that abed = 1. Prove that 

(Pham Kim Hung) 

SOLUTION. Because abed = 1, there are two numbers between a, b, e, d both not 

smaller than 1 or not bigger than 1. WLOG, suppose that they are band d, then 

(b - l)(d -1) ~ O. Applying Cauchy-Schwarz inequality, we get 

(1 + a2)(1 + b2)(1 + e2)(1 + d2) = (1 + a2 + b2 + a2b2)(e2 + 1 + d2 + c2d2) 

;? (e+a+bd+1)2 ~ (a-l-b+e+d)2. 

Equality holds for a = b = e = d = 1. 

Problem 18. Let a, b, e be positive real numbers such that a + b + c = 1. Prove that 

ab be ca 1 
--;=:;:::::::::;::: + + < -. 
vab+bc Vbc+ca vca+ab - J2 

(Chinese MO 2006) 

SOLUTION. The above inequality is equivalent to 

Using weighted Jensen inequality for the concave function f(x) = ..jX, we obtain 

La;b. 
eye 

It remains to prove that 

2a2b 

L(a+b)(a+e)" 
eye 

a2b 1 

L (a + b)(a + e) ::; Ii 
eye 

{::> 4 L a2b(b + e) ::; (a + b + e) II (a + b) 
eye eye 
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¢:> 2:L a2b2 ~ :L a3 (b + c), 
eye eye 

which is obvious. Equality holds for a = b = c = ~. 
3 

• 
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Problem 19. Let x, y, z be non-negative real numbers such that x + y + z = 1. Find 

the maximum of 
x-y y-z z-x 

-----== + + -=== ';x+y ';y+z ';z+x 

(Pham Kim Hung) 

SOLUTION. First we consider the problem in the case min(x, y, z) = O. WLOG, sup

pose that z = 0, then x + y = 1 and therefore 

""' x-y x-y 
L .;x+Y = .;x+Y +.;y - v'x = x - y +.;y - v'x = u(v -1), 
eye 

x+y x+y 

in which u = Vx - vfY, V = Jx + vfY and u2 + v 2 = 2. 

Denote u2(v - 1)2 = (2 - v2)(v - 1)2 = f(v) We have f'(v) = 2(v - 1)(2 + v - 2v2) 

and it's easy to infer that 

max = f (1 + Ji7) = 71-17VI7. 
l<v<v'2 4 32 

So if min (x, y, z) = 0 then the maximum we are looking for is 

k= 
71-17VI7 

32 

This result also shows that if min(x, y, z) = 0 then 

Now we will prove (*) for all non-negative real numbers x, y, z (we dismiss the condi

tion x + y + z = 1 because the inequality is homogeneous). Denote c = ';x + y, b = 
';x + z, a = ';y + z. The problem can be rewritten in the form 

b2 _ a2 c? - b2 a2 - c2 k 
--- + + < - . J a2 + b2 + c2¢:> 
cab -..;2 

¢:> (a-b)(b-c)(c-a) (~+~+~) ~~.Ja2+b2+c2 (**) 
ab be ca V2 
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WLOG, suppose that c = max(a, b, c). If a ~ b, then the conclusion follows immedi

ately. Otherwise, suppose that b ~ a . Because c? ~ b2 +a2, there exists an unique real 

number t ~ a for which (a - t), (b - t), (c- t) are side lengths of a right triangle (that 

means (a - t)2 + (b - t)2 = (c- t)2) . Clearly, if we replace a, b, c with a - t, b - t, c- t, 

the left-hand expression of (**) is increased but the right-hand expression of (**) is 

decreased, so we conclude that it is enough tQ consider (**) in the case when a,b,c 

are three side lengths of a right triangle. That means a2 + b2 = c? or z = O. But the 

case z = 0 has been proved above, so we are done. 

Problem 20. Let x, y, z be three real numbers in [-1,1] such that x + y + z = O. 

Prove that 

VI + x + y2 + VI + y + z2 + VI + z + x 2 ~ 3. 

(Phan Thanh Nam) 

SOLUTION. First, we will prove that if ab ~ ° then 

vIf+Q: + V1+b > 1 + VI + a + b. 

Indeed, after squaring, the inequality becomes 

2 + a + b + 2v(1 + a)(1 + b) ~ 2 + a + b + 2Vl + a + b 

{::} (l+a)(I+b)~I+a+b {::} ab~O, 

and we are done. Notice that between x + y2 , Y + z2, Z + x2, at least two numbers have 

the same sign. WLOG, we may assume that (x + y2)(y + z2) ~ 0, then the above 

result shows that: 

VI + x + y2 + VI + y + z2 + VI + z + x 2 

~ 1 + VI + x + y2 + y + Z2 + VI + z + x2 

= 1 + V ( V 1 - z + z2) 2 + y2 + J ( JI+Z) 2 + x 2 

~ 1 + J ( VI - z + z2 + Vf+Z) 2 -I- (x + y)2 

= 1 + J ( VI - z + z2 + .Jf+Z) 2 + z2. 

I t remains to prove that 
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which is clearly true because Izl ~ 1. Equality holds for x = y = z = O. 

Comment. By a similar approach, we can prove the same result with four numbers 

* Let x, y, z, t be real numbers in [-1, 1J such that x + y + z + t = O. Prove that 

Problem 21. Suppose that a, b, e are three non-negative real numbers satisfying ab + 

be + ca = 1. Prove the inequality 

1 1 1 5 --+--+-->-. 
a+b b+c e+a - 2 

(Berkeley Mathematics Circle) 

SOLUTION. We denote x = a + b + e and z = abc. The inequality becomes 

eye eye eye 

~ 2x2 - 5x + 2 + 5z ~ 0 ~ (x - 2)(2x - 1) + 5z > O. 

If x ~ 2, we are done. Otherwise, suppose that x < 2. Because 

(a + b - c) (b + c - a) ( e + a - b) = (x - 2a) (x - 2b) (x - 2e) ~ abc. 

we obtain 9z ~ 4x - x 3 . So it's enough to prove that 

4x-x3 

(x - 2)(2x - 1) + 5 9 ~ 0 ~ (x - 2)[18x - 9 - 5x(2 + x)] ~ O-<=> 

• 
~ (x - 2)[-5x2 + 8x - 9J ~ 0 

which holds because x < 2. Equality holds for a = b = 1, e = 0 or permutations. 

Comment. We have a nice and similar result as follows 

* Let a, b, e be non-negative real numbers and ab + be + ea = 1. Prove that 

1 1 1 1 --+--+--+ >3. 
a+b b+c e+a a+b+e-

PROOF. If a+b+e ~ 2 then this problem deduced from the above result. Now suppose 

that a + b + e ~ 2 and a ~ b ~ e, then 

1 L 1 1 ab + be + ea ab + be + ea 1 --- + -- = -- + + + ----:--
a+b+e a+b a+b b+e e+a a+b+e 

eye 

I 
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= _1_ + a + b + e(l + ab) + 1 > _1_ + 1 + (a + b + e» 
a+b 1+c2 a+b+e-a+b a+b+e -

> (_1_ + a + b) + ( 1 + a + b + e) + (a + b + e) ~ 1 + 1 + 1 = 3. 
- a+b 4 a+b+c 4 2 

This ends the proof. Equality holds for a = b = 1, e = 0 up to permutation. 

Problem 22. Prove the following inequality 

where al, a2, ... , an are arbitrary positive real numbers. 

(Russia MO) 

SOLUTION. According to the following results 

(al + a2 + a3)2 ~ (2al + a2)(a2 + 2a3), 

(2a} + a2)(2a2 + ad = 2af + 2a~ + 5a}a2 ~ 2(al + a2)2, 

we are done immediately because 

eye eye 

eye eye 

Problem 23. Let a, b, e be non-negative real numbers with sum 3. Prove that 

ab + be + ea a3 + b3 + e3 
~-:----':--::---'7> . 
a3b3 + b3 c3 + c3a3 - 36 

(Pham Kim Hung, MYM) 

SOLUTION. WLOG, we may assume that a ~ b ~ e. Denote 

We will prove f(a,b,e) ~ f(a,b+e,O). Indeed, 

• 
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Also ab + be + ea ~ a(b + e) . We obtain f(a, b, e) ~ f(a, b + e,O) . It remains to prove 

the first inequality in the case e = 0, or namely 

Let x = ab.The inequality can be rewritten in the form 

2 t t 
t (27 - 9t) < 36 ¢:> -. - (3 - t) < 1 - 2 2 - , 

which is exactly AM-GM inequality. Equality holds for c = 0 and a + b = 3, ab = 2, 

or equivalently a = 2, b = 1, e = 0 (and its permutations of course). 

v 

Problem 24. Let a, b, e, d be four real numbers satisfying that (1 + a2)(1 + b2)(1 + 
2)(1 + d2) = 16. Prove the inequality 

-3 ~ ab + be + ca + da + ae + bd - abed ~ 5. 

(Titu Andreescu and Gabriel Dospinescu) 

SOLUTION. We denote S = ab + be + ed + da + ae + bd - abed, then 

S - 1 = (1 - ab)( ed - 1) + (a + b) ( e + d). 

Applying Cauchy-Schwarz inequality, we obtain 

(S -I? ~ ((1 - ab)2 + (a + b)2) ((1 - ed)2 + (e + d)2) 

= (1 + a2)(1 + b2)(1 + e2)(1 + d2) = 16. 

Hence IS - 11 ~ 4 or equivalently -3 ~ S ~ 5. Equality can happen; for example, 

(a,b,e,d) = (1,-1,1,-1) and (1,1,1,1). 

v 

Problem 25. Let a, b, e, d be positive real numbers such that abed = 1. Prove that 

1 1 1 1 >1 
(l+a)2 + (l+b)2 + (l+e)2 + (l+d)2 - . 

(China TST 2004) 

SOLUTION. First, notice that for any non-negative real numbers x, y 

1 1 1 -:-----:-:- + > --
(I + X)2 (1 + y)2 - 1 + xy 
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By expanding, the above inequality becomes 

<=> xY(X2 + y2) + 1 ~ 2xy + x 2y2 

{:} (xy - 1)2 + xy(x - y)2 ~ O. 

Let m = ab, n = cd => mn = 1, therefore 

1 1 m+n+2 
--+--= =1. 
l+m l+n (m+l)(n+l) 

Using these two results, we conclude that 

1 1 1 1 1 1 
(1 + a)2 + (1 + b)2 + (1 + c)2 + (1 + d)2 ~ 1 + m + 1 + n = 1. 

Equality holds for a = b = c = d = 1. 

• 
Comment. 1. We can also solve this problem by Cauchy-Schwarz. Indeed, there 

exist four positive real numbers s, t, u, v such that 

_ stu b _ tuv _ uvs __ vst 
a- 3' - 3'C- 3,a- 3' v stu 

and the problem can be rewritten as 

According to 

textcolorcuICauchy-Schwartz, it's enough to prove that 

eye eye eye 

This last inequality is obtained from the following results 

eye eye 

eye eye 

and the proof is finished , Equality holds for s = t = u = v or a = b = c = d = 1, 



9.0. Problems and Solutions 163 

2. The previous solution also helps us create a similar problem as follow 

* Let al,a2, ... ,ag be positive real numbers with product 1. Prove that 

1 1 1 

( )2 + ( 2 + .,' + ( 2 > 1. 2al + 1 2a2 + 1) 2ag + 1) -

Moreover, the general result is also valid (and solved through the same method) 

* Let al, a2, .. " an be positive real numbers with product 1. For k = yin - I, prove 

that 
111 

( 2+( 2+"'+( )2>1. kal+l) ka2+1) kan+l-

V 

Problem 26. Let a, b, c be positive real n'umbers. Prove that 

a + 2b b + 2c c + 2a 3 ---,-::- + + > . 
c + 2b a + 2c b + 2a -

(Pham Kim Hung) 
• 

SOLUTION. By expanding, we can rewrite the inequality to 

:L(a + 2b)(a + 2e)(b + 2a) ~ 3 II (c + 2b) 
eye eye 

which is a combination of the third degree-Schur inequality and AM-GM inequality 

eye eye eye eye eye 

This ends the proof. Equality holds for a = b = c. 

V 

Problem 21. Let a, b, c be three positive real numbers. Prove that 

a 4 b4 c4 a 3 + b3 + c3 

~--:--~ + + > . 
a2 + ab + b2 b2 + be + c2 c2 + ca + a2 - a + b + c 

SOLUTION. Notice that 

a3 + b3 + c3 

a+b+c 

(Phan Thanh Viet) 

_3_a-::-b_c_ + a2 + b2 + e2 - ab - be - ca. 
a+b+e 
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Therefore, the inequality can be rewritten in the following form 

L ( a4 2 b) 3abc L ab
3 

3abc 
--:-----:- - a + a > ¢:} >. 
a 2 + ab + b2 - a + b + c a 2 + ab + b2 - a + b + c 

eye eye 

According to Cauchy-Schwarz, we deduce that 

ab3 b2 

L a2 + ab + b'2 = L 1 + f! + Q > 
eye eye b a 

(a + b + e)2 abe(a + b + c) > -. 
- 3 + .£ + 1? + .£ + 1?. + f. + f! ab + be + ea 

b e a abe 

It remains to prove that 

abe( a + b + c) > 3abe ¢:} (a + b + c) '2 ~ 3 (ab + be + ea) 
ab+be+ca - a+b+e 

which is obviously true. Equality holds for a = b = e. 

v 

Problem 28. Prove that for all non-negative real numbers a, b, e 

a 2 + b2 + e2 + 2abe + 1 > 2( ab + be + ca). 

(Darij Grinberg) 

SOLUTION. I will give four solutions to the above inequality. 

First Solution. Transform the inequality into a quadratic form in a 

f(a) = a2 + 2(be - b - c)a + (b - e)2 + 1. 

(i). If be - b - e ~ 0, we get the desired result immediately. 

(ii). If be - b - e::; 0 then (b -l)(e - 1) ::; 1. Notice that 

~f = (be - b - e)2 - (b - e)2 -1 = be(b - 2)(e - 2) - 1. 

If both band c are smaller than 2 then by AM-GM inequality, we get 

b(2-b)::;1, e(2-e)::;1 =? ~f::;O. 

Otherwise, suppose b ~ 2, then e ::; 2 and clearly, ~f ::; O. We are done. 

Second Solution. We denote k = a + b + e. According to the inequality 

abc ~ (a + b - c) (b + e - a) (e + a - b) = (k - 2a) (k - 2b) (k - 2e) 
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we obtain 
9abc 

4(ab + be+ ea) - k 2 ~ k (*) 

The inequality is equivalent to 

(a + b + e)2 + 2abe + 1 ~ 4(ab + be + ea) ¢} 4(ab + be + ca) - k 2 ~ 1 + 2abe. 

Taking into account (*), it remains to prove that 

(~ -2) abe ~ l. 
If 9 ~ 2k, we are done immediately. Otherwise, AM-GM inequality shows that 

(~ _ 2) abe < (~ _ 2) k
3 

= (9 - 2k) . k· k < 1 
k - k 27 27 -, 

which is exactly the desired result. Equality holds for a = b = e = l. 

Third Solution. Because 2abe + 1 ~ 3 Va2b2e2, it remains to prove that 

where a = x 3, b = y3, e = z3. According to Schur inequality, we obtain 

eye eye eye eye 

Fourth Solution. Rewrite our inequality in the form 

(a - 1)2 + (b - 1)2 + (e - 1)2 ~ 2(1 - a)(1 - b)(1 - e). 
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If a, b, e are all greater than 1, the conclusion follows immediately. Otherwise, suppose 

e ~ 1. AM-GM inequality shows 

(a _1)2 + (b _1)2 ~ 21(a -1)(b-l)1 ~ 21(a -1)(b-l)I(I- e) ~ 2(a -1)(b -l)(e-l) 

and we are done of course. 

Comment. The following is a similar inequality 

a2 + b2 + c2 + 2abe+ 3 ~ (1 + a)(l + b)(1 + e). 

Problem 29. Let a, b, e be positive real numbers and a2 + b2 + e2 = 3. Prove that 

111 
--+--+-->3. 
2-a 2-b 2-e-

• 
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(Pham Kim Hung) 

SOLUTION. 

First Solution. (We use Cauchy-Schwarz inequality) Rewrite the inequality to 

(_1 _~) + (_1 _2:.) + (_1 _!) > ~ 
2-a 2 2-b 2 2-c 2 - 2 

abc 
{::} --+--+-->3 

2-a 2-b 2-c-

a4 04 c4 

{:} + + > 3. 
2a3 - a 4 2b3 - b4 2c3 - c4 -

Applying Cauchy-Schwarz inequality, we conclude that 

and we are done because 2 L a3 - L a4 $ L a2 = 3. 
eye eye eye 

Second Solution. (We use Cauchy reverse) Notice that a(2 - a) $ 1, so 

therefore 

1 1 a 1 a 2 1 a 2 

--=-+ =-+ >-+-
2 - a 2 2(2 - a) 2 2a(2 - a) - 2 2 

L 1 3 lL 2 -- > -+- a =3. 2-a-2 2 
eye eye 

We are done. Equality holds for a = b = c = 1. 

V' • 

Problem 30. Let a, b, c, d be non-negative real numbers. Prove that 

(Vasile Cirtoaje) 

SOLUTION. Rewrite it into another form 

( a+c) ( a+c) ( b+d) ( b+d) 1 + a + b 1 + c + d 1 + b + c 1 + a + d ~ 9. 

For all positive real numbers x, y, it's easy to see that 
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Thus we have 

(1 + a -+- c) (1 + a + c) > (1 + 2(a + c) ) 2 

a+b c+d - a+b+c+d' 

( 1+
b

+
d
)(1+

b
+

d
»(1+ 2(b+d) )2 

b+c a+d - a+b+c+d 

I t remains to prove that • 

+ 1 + > 3 (1 2(a+c)) ( 2(b+d)) 
a+b+c+d a+b+c+d - , 

which is obvious. Equality holds for a = c = 0, b = d or a = c, b = d = O. 

Comment. Here is the general result 

* Let a, b, e, d, k be non-negative real numbers. Prove that 

This inequality can be obtained from the results below 

~ ab >1 ( ) 
~ (b + c) (c + d) - ** 
eye 

Notice that (*) is Nesbitt inequality for four numbers which has been proved in the 

previous chapter. To prove (**), we note that it is equivalent to (after expanding) 

eye eye eye eye 

This inequality is true because 

eye eye eye 

We have equality if a = e, b = d = 0 or a = e = 0, b = d. 

Problem 31. Let a, b, e be non-negative real numbers. Prove that 

1118> 6 
a2 + b2 + b2 + c2 + c2 + a2 + a2 + b2 + c2 - ab + be + ca 

(Pham Kim Hung) 

I 
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SOLUTION, WLOG, assume that a ~ b ~ e. Denote t = ,jb2 + e2 and 

1 1 1 8 6 
f(a, b, e) = a2 + b2 + b2 + c2 + c? + a2 + a2 + b2 + c? - ab + be + ca' 

We have 

e2 c2 6 6 
f(a, b, c) - f(a, t, 0) = (a2 + b2)(a2 + t2) - a2(tt2 + c?) + aJb2 + e2 - ab + be + ca 

6a (b + e - Jb2 + e2) c2 > - -:-----,,---::-
- a,jb2 + c?(ab + be + ca) a2(a2 + c?) 

6be c2 

~ -:-:( b:-+~c ):-Vr.b;:;;:2=+=c::::;2~( a--:b-+--:-bc-+-ca--:-) a 2 (a 2 + c2) 

> 6be _ bc > 0 
- .../2(b2 + e2)(ab + be + ea) a2(a2 + e2) -

because 

According to AM-GM inequality, we have 

a 0 - 9 ~ ~ _ ~ _ 9 a
2 + t 2 

_ ~ > 0 
f( , t, ) - a2 + t2 + a2 + t2 at - a2 + t2 + a2t2 at - ' 

(
-3±J5 ) Therefore, we are done. Equality holds for (a, b, e) rv 2,1,0 . 

3 
Problem 32. Let a, b, e, k be positive real numbers and k ~ 2' Prove that 

(Vasile Cirtoaje and Pham Kim Hung) 

SOLUTION, I have two solutions to this problem. 

First Solution. (Cauchy reverse) Rewrite the inequality in the form 

Notice that 

L ak-lb L ak-1b 1 (L k_3 b1 ) --< --=- a 22 , 
+b - ~ 2 eye a eye 2vao eye 
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It suffices to prove that 

eye eye 

According to AM-GM inequality, for 2k - 2 variables and using k ~ ~, we obtain 

eye eye eye 

Second Solution. The inequality can be rewritten in the form 

ak-1(a-b) bk-1(b-c) ck-1(c-a) 
-----!.---=- + + > O. 

a+b b+c c+a-

Notice that for all positive real numbers a, b 

ak-1(a - b) ak- 1 _ bk- 1 

a + b ~ 2(k - 1) (*) 

Indeed, this relation can be obtained directly by AM-GM 

According to (*), we conclude that 

~ ak-1(a _ b) ~ ak- 1 _ bk- 1 

~ a + b ~ ~ 2(k _ 1) = o. 
eye eye 

This ends the proof. Equality holds for a = b = c. 

Problem 33. Let a, b, c be non-negative real numbers and a + b + c = 3. Prove that 

(Pham Kim Hung) 

SOLUTION. By AM-GM inequality, we deduce that 

I: aVl + b3 = I: a\!(l + b)(l- b + b2
) ~ ~ I: a(l + b2

). 

eye eye eye 

I t remains to prove that 

WLOG, we may suppose that b is the middle number between a, b, c. That means 

a(b - a)(b - c) ~ 0, or ab2 + a2 c ~ abc + a2 b. It then suffices to prove that 

abc + a2b + bc2 ~ 4 <=> b(a2 + ac + c2
) ~ 4. 
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According to AM-GM inequality, we have 

b(a2+ac+c2)~b(a+c)2=4b. (a~c). (a~c) ~4(a+;+c)3 =4. 

We are done. Equality holds for a = 1, b = 2, c = 0 and its permutations. 

Problem 34. Let a, b, c be positive real numbers such that a + b + c = 1. Prove that 

abc 3V3 ,..,.------,----
----== + + ~ _. v(1- a)(l - b)(I- c) . Ji- 1 Vi- 1 J~-] 4 

(Do Hoang Giang) 

SOLUTION. Our inequality is equivalent to 

a ab 3V3 -----<--. 
(a + c)(a + b) (b+c)(c+a) - 4 

VvLOG, assume that a = mint a, b, c} . Consider the following cases 

(i). The first case. If a :S h:S c, simultaneously have 

ab ca bc 
----:---~ < < . 
(b + c) ( c + a) - (a + b) (b + c) - (c + a) (a + b) , 

a < b < c 
(a + c)(a + b) - (a + b)(b + c) - (b + c)(c + a) 

So, according to Rearrangement inequality, we infer that 

p< 

< 

a2b 
+ (a + b)(a + c)2(b + c) 

abc 
-( a-+-b-) 2-( b---'--c-) 2 + (c + a)2(a + b)(b + c) 

(a+b~b(~+C)2 + (a +b)b(b+ c) (~+ c:a) 

3 ( abc 2 1 b ) 
(a+b)2(b+c)2 + ·4· (a+b)(b+c) 

(since Vx + .jY + Vz :S V3(x + y + z) . 

I t remains to prove that 

abc 1 b 9 ----::---- + - . > -
(a+b)2(b+c)2 2 (a+b)(b+c) - 16 

which can be transformed to 

(3ac - b)2 ~ o. 
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(ii). The second case. If a :::; c:::; b, we have 

ca < ab < be 
(a+b)(b+c) - (b+c)(c+a) - (e+a)(a+b) 

a < e < b 
(a+e)(a+b) - (b+e)(e+a) - (a+b)(b+e) 

So, a,ccording to Rearrangement inequality, we infer that 

p:::; 

< 

a2e 
~--~--~~--~+ 
(a + e)(a + b)2(b + c) 

abc 
..,-----...,..-:-.,------,~ + 
(a + e)2(b + e)2 

3( abc +2.~. e ) 
(a+e)2(b+e)2 4 (b+e)(e+a) . 

(a + e)(a + b)2(b + c) 

It remains to prove that 

abc 1 e 9 
-;---:-;:-;::--"'---:-7 + - . < -
(a+e)2(b+e)2 2 (b+e)(e+a) - 16 

which can be transformed to an obviousness 

(3ab - e)2 2: o. 

The inequality is proved in every case. The equality holds for a = b = e = ~. 
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Problem 35. Suppose that a, b, e are three non-negative real numbers verifying a 2 + 
b2 + e'2 = 1. Prove the following inequality 

abe 
--::-----,- + + > 3. 
a3 + be b3 + ae c3 + ab -

SOLUTION. I have two solutions to this problem. 

First Solution. If all term') in the left hand side are greater than 1 then the inequality 

is proved immediately. Otherwise, we may assume that 

x = 3 a b < 1 => a < a 3 + be. a + e - -

Applying Cauchy-Schwarz inequality, we obtain 

b e 4 4 ---,---- + > = --, 
~+oc c3+~-~+~+~+ab 1+y 

b c 

h ac ab 2 N · h hI· .. I were y = b + -;; - a. olIce t at t e re at IOn x ~ y IS eqUlva ent to 

(a 3 + be)(b2 + e2 
- abc) < be 
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¢:} a3(1 - a2 - abe) $ be(a2 + abe) 

¢:} a2(1 - a2) $ be(a3 + a + be). 

which is obvious because a(l - a2
) $ be. We conclude that 

abe 4 4 
a3 + be + b3 + ae + d3 + ab ~ x + 1 + x = (x + 1) + x + 1 - 12::3. 

The proof is finished. Equality holds for a = 1, b = e = 0 or permutations. 

Second Solution. Denote x = be, y = ae z = ab, so we have xy + yz + zx = 
a b ' e 

a2 + b2 + e2 = 1. We have to prove that 

111 --+ + >3. 
x + yz y + xz z + xy -

Denote s = x + y + z and p = xyz. Notice that 

1 9 9 
L x + yz ~ x+y+z+xy+yz+zx = s+1' 
eye 

If s $ 2. we are done. Now consider the case s ~ 2. After expanding and reducing 

similar terms, the inequality becomes 

s + tsp ~ 2 + 3p2 + 3ps2 ¢:} (s - 2)(1 - 3sp) + pes - 3p) ~ 0 

which is clearly true because s ~ 2, 1 ~ 3sp and s ~ 3p. The conclusion follows. 

Problem 36. Let a, b, e be non-negative real numbers. Prove that 

b+e e+a a+b 
-;=:;r==== + + > 4. 
va'2 +be Jb2 +ca vc2 + ab -

(Pham Kim Hung) 

SOLUTION. Applying Holder inequality, we obtain 

Therefore, it's enough to prove that 

which comes from the third-degree Schur inequality because 

3abc+ L a3 ~ 2: a2 (b+ e). 
eye eye 

• 
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Equality holds for a = b, c = 0 up to permutations. 

Comment. By the same method, we can prove the following result 

* Let a, b, c be non-negative real numbers and a + b + e = 2. Prove that 

abc 
---;====:;:::;===;;: + + > 1. 
J3 + b2 + e2 J3 + e2 + a 2 J3 + a 2 + b2 -
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Problem 37. Let a, b, e be non-negative real numbers satisfying a 2 +b2 +e2 +abc = 4. 

Prove that 2 + abc ~ ab + be + ca ~ abc. 

(USA MO 2001) 

SOLUTION. To prove the right hand inequality, just notice that at least one of a, b, c, 

say a, is not bigger than 1. Thereforec we have ab+be+ca ~ be ~ abc. Equality holds 

for (a, b, c) = (0,0,2) up to permutation. 

To prove the right hand inequality, notice that two numbers among a, b, e, say a and 

e, are not smaller than 1 or not bigger than 1. Therefore b( a - 1) (c - 1) ~ 0 ¢:> 

abc + b ~ ab + be and it suffices to prove 2 ~ ae + b. 

From the hypothesis, we have 

a 2 + e2 + b(ae + b) = 4 ::} 2ae + b(ae + b) .s; 4 ::} (b + 2)(ae + b - 2) .s; 0, 

thus ae + b .s; 2 and the desired result follows. Equality holds for a = b = e = 1. 

Problem 38. Let a, b, e be non-negative real numbers. Prove that 

a 2 + 2be 
b2+c2 + 

e2 + 2ab 3 ---> . 
a 2 + b2 -

(Vo Quoc Ba Can, Vu Dinh Quy) 

SOLUTION. WLOG, assume that a ~ b ~ e. First, we will prove that 

Indeed, this condition is equivalent to 

a 2 + e2 b2 + c2 a b ---+ > -+b2 + c2 e2 + a 2 - b a 
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~ (a - b)2(a + b)(ab - c2) > 0 
ab(a2 + c2)(b2 + c2) -, 

which is true because a ~ b ~ c. Using this result, we have 

b2 + 200 - + 
c2 +a2 

~ fb . Denote x = Vb + V ~ ~ 2. If x ~ 3, we are done. Otherwise, assume that x $ 3. In 

this case, we need 

since 
2 _ (3 _ x)2 = (x - 2)2(_x

2 + 2x + 5) > O. 
x 2 -2 x 2 - 3 -

The inequality is proved, with equality for a = fA, c = 0 or permutations. 

Problem 39. Let a, b, c be three distinct positive real numbers. Prove that 

1 1 1 8 28 
--.,.-~ + + + > . la2 - b2

1 Ib2 - c21 Ic2 - a21 a2 + b2 + c2 - (a + b + c)2 

(Pham Kim Hung) 

SOLUTION. WLOG, we may assume that a> b> c. Notice that 

The right hand expression is a decreasing function of c, so it's enough to prove the 

inequality for c = 0 

1 1 1 8 28 --::---:- + - + - + > -:-----:-:-;:-
a2 - b2 b2 a2 a2 + b2 - (a + b)2 
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(
a b) 0.

2 b2 16ab a + b 
¢:? 2 b + ~ + b2 + 0.2 -I- 0.2 + b2 + a _ b ~ 18. 

Since the inequality is homogeneous, we can assume a > b = 1 and so the inequality 

becomes: 

2 (a + ~) + a2 + ~ + 160. + a -+- 1 > 18 
a. 0.2 0.2 + 1 a - 1 -

2(0. - 1)2 (0.2 - 1)2 8(0. - 1)2 0.+1 
¢:? + - +-->4 

a 0.2 0.2 + 1 a - 1 -

2(0.-1)4 (0.-1)4(0.+1)2 2( 1)20.+1
4 ¢:? + + 0.- +-->. 

0.(0.2 + 1) 0.2(0.2 + 1) 0.- 1 -

If a ~ ~ then : = ~ ~ 4 and the desired result follows immediately. Otherwise, we 

have a ~ ~. According to AM-GM inequality, we get 

2(0.-1)2+ 0.+1 =2(a-1f+ 0.+1 + 0.+1 >3\/(0.+1)2 >4. 
0.-1 2(0.-1) 2(0.-1) - 2-

The problem is solved a.nd equality cannot be reached . 

Problem 40. Find the best posi.tive real constant k such that the following inequality 

holds for all positive real numbers a, band c 

(a+b)(b+c)(c+a) + k(ab+bc+ca) >8+k. 
abc 0.2 + b2 -I- c2 -

(Pham Kim Hung) 

SOLUTION. We clearly have 

(a -I- b) (b + c) ( c -I- a) _ 8 = c( a - b) 2 + 0.( b - c) 2 + b( c - a) 2 , 
abc abc 

ab + bc + ca (a - b)2 + (b - e)2 + (c - 0.)2 
1 - 0.2 + b2 + c2 = 2(0.2 + b2 + c2) . 

So we need to fmd a positive number k satisfying the condition 

:L(a - b)2 (2(0.
2 
+a~2 + c

2
) - k) ~ 0 ¢:? 2)0. - b)2Se ~ 0 (*) 

sym sym 

Sa =-020.(0.2 -I- b2 + C
2) - kabe, 

Sb = 2b(a2 -I- b2 + e2) - kabe, 

Se = 2c(a2 + b2 + C2) - kabe. 
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(i). Necessary condition: If b = c, we have Sb = Se; so if (*) is true, we must have 

By AM-GM inequality, we find that the best value of k is 4J2. 

(ii). Sufficient condition: For k S 4J2, we will prove that the inequality is always 

true. WLOG, we may assume that a ~ b ~ c. Then Sa 2: Sb 2: Se. Certainly, 

Sa = 2a(a2 + b2 + c2) - kabc 2: o. Let x = Jbc, then 

We conclude that 

'L Sa(b - C)2 ~ (Sb + Se)(a - b)2 2: o. 
eye 

Conclusion: The best value of k is 4V2. If k = 4V2, equality holds for a = b = c or 

a = V2b = V2c up to permutation. If k < 4J2, the equality holds only for a = b = c. 

Problem 41. Suppose a, b, c are positive real numbers satisfying the condition a + 
b + c + abc = 4. Prove that 

abc a+b+c 
---== + + > ---Jb + c J c + a J a + b - V2 

(Cezar Lupu) 

SOLUTION. First we will prove that a + b + c 2: ab + bc + ca. Indeed, we may suppose 

that c ~ b 2: a without loss of generality. We need to prove that 

4-a-b 
a + b - ab ~ ab + 1 (a + b - 1) {9 (a + b - 2)2 2: ab(a - l)(b - 1). 

Applying AM-GM inequality, we are done immediately 

(a + b - 2)2 ~ 41(a - l)(b - 1)12: abl(a - l)(b -1)1. 

Returning to our problem, Cauchy-Schwarz inequality yields that 
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and therefore 

a + b + c > (a + b + C)2 
Jb+c Jc+a Ja+b - cJa+b+aJbTc+b~ 

a+b+c 
2:(a+b+c) 

2(ab + bc + 00) 

> a+b+c 
- ..J2 

This ends the proof. Equality holds for a = b = c = 1. 

Problem 42. (i). Prove that for oil non-negative real numbers a, b, c, we have 

2a2 + bc 
_a2_+_2b_c + 

2b2 + 00 

b2 + 200 + 
(ii). With the same condition, prove that 

a2 + 2bc Jb2 + 200 -".....--+ + 
2a2 + bc 2b2 -I- 00 

2c
2 

-I- ab > 2J2. 
c2 + 2ab-

c
2 + 2ab > 2v'2. 

2c2 +ab -

177 

(Pham Kim Hung) 

SOLUTION. (i). Since the inequality is homogeneous, we may assume that abc = 1. 

The problem becomes 

J 2x + 1 + f2YTI + [2Z+T > 2v'2, 
x+2 VY+2 V 7+2 -

where x = a3 ,y = b3 ,z = c?,xyz = 1. WLOG, suppose that x ~ y 2: z. Let t =..fiji, 

then t ~ 1. First, notice that 

(2y + 1)(2z + 1) _ 4yz + 2(y + z) + 1 4t2 + 4t + 1 (2t + 1)2 ...:.....,--...-:....:-.--....:... - > - -'-:--~ 
(y+2)(z+2) yz+2(y+z)+4 - t2+4t+4 (t+2)2' 

Therefore, applying AM-GM inequality, we obtain 

{2X+T + f2YTI + [2Z+T > {2X+T + 2 {2t+f = 
V7+2 VY+2 V7+2-V7+2 VT+2 
It suffices to prove that for all t ~ 1 

2 + t 2 2 (2t+f. 
2t2 +1 + VT+2 

J(2 + t2)(2 + t) + 2J(2t + 1)(2t2 + 1) 2: 2J2(2t2 + 1)(t + 2). 

After squaring both sides and reducing similar terms, we get an equivalent form 
• 

t 3 + 2t + 4J(2 + t2)(2 + t)(1 + 2t)(1 + 2t2) 2: 22t2 + 8. 
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Because t :5 1, 2t 2: 2t2. It is enough to prove that 

J(2 + t2)(2 + t)(1 + 2t)(1 + 2t2) ~ 5t2 + 2, 

which is true by Cauchy-Schwarz inequality because t + t 3 ~ 2t2 and 

This last step ends the proof. 

(ii). This second part can be obtained from the first part by taking be = x 2 , ca = 
y2, ab = z2. Equality holds for a = 0, b = e up to permutation. 

Problem 43. Let x, y, z be non-negative real numbers with sum 1. Prove that 

. f (y- z)2 . f (z -x)2 . f (x-y)2 ~ 
V X + 12 + V y + 12 + V z + 12 :5 v 3. 

(Phan Thanh Nam, VMEO 2004) 

SOLUTION. Suppose z = min{x, y, z}. First we will prove that if u = y - z, v = x - z 
1 

and k= - then 
12 

Jx + ku2 + Jy + kv2 :5 J2(x + y) + k(u + v)2. 

Indeed, this one is equivalent to 

2J(x + ku2)(y + kv2) :5 x + y + 2kuv 

¢} 4(x + ku2)(y + kv2) :5 (x + y + 2kuv)2 

¢} (x - y)2 + 4xkv(u - v) + 4yku(v - u) ~ 0 

¢} (x - y)2 + 4k(u - v)(xv - yu) ~ 0 

¢} (x-y)2(1-4k(x+y-z))~0, 

which is obvious. From the above result, we con~lude that 

LHS< . f2(x+y) + (x+y-2z)2 + fz+ (x-y)2 
- V 12 V 12 

= . f 2(1 _ z) (1 - 3z)2 . f (x - y)2 
V + 12 + V z + 12 

<f2(1-z) (1-3z)2 .f (1-3z)2 
- V + 12 + V z + 12 

= 15 - 3z1 + 11 + 3z1 = V3 
JI2 JI2 ' 
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which is exactly the desired result. The equality holds for x = y = Z = 1/3. 

Comment. With the same condition, we can prove that 

Problem 44. Let x, y, z be three non-negative real numbers satisfying the condition 

xy + yz + zx = 1. Prove that 

111 1 
---=== + + > 2+-. 
Jx + y Jy + z J z + x - V2 

(Le Trung Kien) 

SOLUTION. WLOG, we may assume that x = max(x,y, z). Denote a = y + z > 0, 

then obviously, ax = 1 - yz :::; 1. Consider the function 

We have 

111 
f(x) = JX+Y + JY+z + JZ+X 

1 
=-+ 

Va 

2x + y + z + 2J x2 + 1 
x 2 + 1 

x 2 + 1 

f'(x) = yz - x
2 

- xJx2 + 1 :::; 0, 

V(x2 + 1)3(2x + a + 2vx2 + 1) 

so f(x) is a decreasing function. That means 

Since 
1 

Va 

and f(x) ~ f (±) ~ 2 + ~. We are done and equality holds for x = y = l,z = ° 
up to permutation. 
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Problem 45. Let a, b, e be positive real numbers. Prove that 

( 
a)2 ( b)2 (2 e)2 9(a+b+e)2 2+- + 2+- + +- > . 
b e a - ab + be + ca 

(Pham Kim Hung) 

SOLUTION. We can rewrite the inequality in the following form 
• 

Taking into account the following identities 

~ -+- ~ + ~ _ 3 = (a - b)2 + (e - a)(e - b) 
b e a ab ae 

a 2 + b2 + e2 - ab - be - ea = (a - b)2 + (e - a)( e - b) , 

the inequality can be transformed into 

(a - b)2 M + (e - a)(e - b)N ~ 0; 

where 
M = ~ + (a + b)2 _ 9 . 

ab a2b2 ab+be+ea' 

N=~+(e+a)(e+b)_ 9 . 
ae a2e2 ab + be + ca I 

Notice that if a ~ b ~ e then 

a b a 2 b2 

Lb~L~;Lb2SLa2; (*) 
eye eye eye eye 

So we only need to consider the case a ~ b ~ e, because the case a ~ b ~ e will be 

reduced to their one after applying (*) 

5 b 9 
N>-+-- >0' 

- ae ae2 ab + be + e.a ' 

8 5 18 
M+N>-+-- >0· 

- ab ae ab + be + ea I 

1+V5 . 
Let k = 2 . ConsIder the following subcases 

(i). The first case. a - b S k(b - e). Then we have (a - b)2 S (a - e)(b - e), so 

(a-b)2M +(e-a)(e-b)N~ (a-b)2(M +N) ~ O. 
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(ii). The second case. a - b ~ k(b - c). It suffices to prove that M ~ 0 or 

S. ( ) 3 + J5 IDce k + 1 b - a $ kc and k + 1 = 2 ' we deduce that 

Therefore 

> c(a + b)3 - 4abc(a + b) = c(a + b)(a - b)2 ~ O. 

We have the conclusion. Equality holds for a = b = c. 

iQ(I)lrnment." 11111 Mathemaltics :and 1\rol!ltID Magamne. iss\JI.€ A/208:7. ~ IFfqJD([)sed the fol

llowing sliglbtly '8li.mpaer itlf~<a willi ty 

I 1 
,;<;0 ' , ,:L) I I tJ. ~C'I '. , b:~t:L+1 + IC" 

( 

'f) '):2 ( 'f)b) ,2 (' '1) .~ ~ nr b ')2 + - I -It- 1 -tJ-- -- + +-, > . 
, 'b ,; " c~ I" a 1- ab +-Ibc+ ~C'1j;t 

PII".dblem ,4£3.. I£e~ 'o,~, Ie be "fl;orn-"oi8gati(ve ;1icdl inutn'ber:s t:LrhCi la2 + Ib:2 + ,e= ,2. iJDrCJrlJe 

that 

;QRham [Kim. HlJun1?J 

,SCI)ILII1TtON. lRewrite ,tJhe iineCjllilallro}' :irn t.h€~ [nmn 

(
':3 ,), '( ,3 yO, 

, 1-11 + ',-- - 1 I : ~ ~ ~" 2-,ab " '~I , ,3 _. c2 , 

, db ' i:.2 
I¢:;} ~ , + p > ;3 

,~:B -~ab '~3-lc2-
:'<'/le qyc 

'I 
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Therefore, it suffices to prove that 

(~ah+ 3)' 2: 3 (3~ab- ~(a2)2 + ~a2b2 +3~>') 
<=> (Lab) 

2 

+ 6 (Lab) +9 ~ 9 (Lab) + 3 (La
2
b
2
) 

eye eye eye eye 

<=> LCa2 + b2 - c2 )(a - b)2 ~ O. 
eye 

1 
since La2 - Lab= 2 LCa - b)2. 

Denote So. = b2 + c2 - a2, Sb = c2 + a2 - b2 and Se = a2 + b2 - i2. Assume 

a ~ b ~ c, then So. ~ Sb ,~ Se and (a - c)2 ~ ,(a - b)2 + (b - c)2. Also" S-n > 0 

lrotherwise ,bci2 > Ii?:> ~" lfalse.We oIDJl'lclude Itna,'t - . :2 

~~)@,,2 + 'b2 - CZ~:(o - ~~;2= E S,a{b - c~2 
eye 

,{3 
lEquaJiJty ~ldldl$ IfColr,~ = 'b ::: c= n. ,IDr '0 = ,b= V 2" C = lID l1[!> to lPermUl'tJalt.iID1I1. 

1 1 n. :3 '. :+ . -jj-_ . . » . 
lay'~,1t- h I~ ,c,\fc +IQ - ~l~abt 

:(lAh.an 'J'hadm. Nam., 'VMEO :2(i)ID$~ 

..J2'hc J200 J2ab, 
SOLU,[,[ON. ILet.x = . .J,y =: , , ;Z = . . . We need1 to IJ)IOYe 

, 'I~:(a*'h~ , .,~b:Cb+I¢)' 'Vc(c+~) 
that ,x +y tl-z2: ;S. II-IoweiVer1 iilt ·suffices to IJllfOve It ire fronowi~ng stmm1l1ger lJJestill.t as IfoIlIGW 

TDendtle iU = ..;~ *' c, ,V= Joe tI-,n~ 'W = ~a + lb. We :ge:t 

'2 .., '" ", '" "'l " ," 
'UI .+ :'l'"' - ru'" ru'" tI- ·w'" - "v'" "V'" + ru'" - 'wl:< 

:yz '= . , zrr = . " 'X.y'= -----
wv ,'l']W "W'U 
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The inequality becomes 

But 

v(v2 + U 2 _ W
2) + W(W

2 + V2 - U
2) + U(U

2 + W 2 - V
2) ~ 3uvw 

<=> (U
3 + V 3 + W 3

) + (U2
V + V 2

W + W 2
U) ~ (V2

U + W 2
V + U 2

W) + 3uvw. 

(v3 + U V
) + (W

3 + V 2
W) + (U

3 + W 2
U) ~ 2(ov2u + W 2

V + U 2
W), 

V
2

U + W 2
V + U 2

W ~ 3uvw. 

The proof is finished and equality holds iff a = b = c. 
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Problem 48. Prove that ax + by + cz ~ 0 if a, b, c, x, Y, z are real numbers such that 

(Mathlinks Contest) 

a2 + b2 + c2 abc 
SOLUTION. Let a = 4 and al = -,bI = -,Cl = -,Xl = xa,Yl = 

x 2 + y2 + z2 a a a 
yo, Z1 = zo. We infer that 

a2 + b2 + c2 

ai + bi + ci = 2 = J(a2 + b2 + c2)(x2 + y2 + z2) = 2, 
a 

xi + yi + zi = (x2 + y2 + z2)a2 = J(a2 + b2 + c2)(x2 + y2 + z2) = 2, 

alxl + blYl + ClZl = ax + by + cz. 

The inequality can be rewritten as 

According to the following relations 

(al + bl + Cd(XI + Yl + zd = (a + b + c)(x + Y + z) = 3, 

we are done immediately since 

(al + xd2 + (b i + yI)2 + (Cl + zd2 ~ }(al + bi + Cl + Xl + Yl + zd2 

4 
~ "3(a l +bl +CI)(XI +Yl +zd = 4. 

V 
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Problem 49. Let a, b, c, d be non-negative real numbers with sum 4. Prove thai 

{¥J+ 1 /ffi+ 1 {{!1;+ 1 ff!J+ 1 > 4 + --+ + . 
~+1 k+l ~+1 ~+1-

(Pham Kim Hung) 

SOLUTION. According to AM-GM inequality, we get 

LHS ~ 4 8 (a + 1) (b + 1) (c + 1) (b + 1) 
(ab + 1)(bc + l)(ed + l)(da + 1)' 

and it remains to prove that 

(a + 1)(b + 1)(c + 1)(d + 1) ~ (ab + 1)(bc + 1)(~ + 1)(da + 1). 

After expanding, the inequality becomes 

831 m 831m 831 m 

~ (a~)2 + abed Lab + L ab2 c + Lab + 1 + 2abed 
eye eye eye 

<=? 4 + ac + bd + L abc ~ (abed)2 + abed + abed Lab + L ab2c. 
831 m eye eye 

The condition a + b + c + d = 4 implies that abed ~ 1, therefore 

ac + bd ~ 2Jabed ~ 2abcd ~ 2(abed)2 =? ac + bd ~ abed + (abed)2 (*) 

According to the inequality (x + y + z + t)2 ~ 4(xy + yz + zt + tx), we obtain 

=? 16 ~ (L ab) 2 ~ 4 L ab2 
c =? 4 ~ L ab2 

c (**) 
eye eye eye 

Moreover, we also have 

( L abc) 2 ~ 4abed Lab =? L abc ~ abed L ab (* * *). 
eye eye eye eye 

Using (*), (**) and (***), we get the conclusion immediately. 
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Problem 50. Prove that for all non-negative real numbers a, h, e then 

SOLUTION. Let x = Va, y = Vb, z = .jC. The inequality becomes 

~ ~ ~ >x+y+z 
--;==-===-+ +---;:::.~===;;: 
J x 2 + y2 J y2 + z2 vi z2 + x 2 - J2 

Notice that 

hence 
2X4 2y4 2z4 x4 + y4 y4 + Z4 z4 + x4 

----;;---;::- + + = + + -:::--
x 2 + y2 y2 + z2 z2 + x 2 x2 + y2 y2 + z2 z2 + x2 . 

Furthermore, the following sequences 

( 1 1 1) 
, Jx2 +y2'Jy'2+ z2'Jz 2+ x2' 

are monotone in the opposite order, so Rearrangement inequality shows that 

1 

It remains to prove that 

which is obvious. Equality holds for x = y = z, or equivalently a = b = c. 

Problem 51. Let a, b, c be real numbers. Prove that 

\!2a2 - be + \!2b2 - ea + {!2c2 - ab > O. . -
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(Pham Kim Hung) 

SOLUTION. First, we notice that the inequality only needs to be considered for a, b, c 

non-negative. Now, consider the identity 

x 3 + y3 + z3 _ 3xyz = (x + y + z)(x2 + y2 -I- z2 - xy - yz - zx) 

therefore, (x + y + z)(x3 + y3 + z3 - 3xyz) ~ 0, so we can write 

eye eye 

Without loss of generality, assume that a ~ b ~ c. Notice that the inequality is 

obvious if {f2b2 - ca ~ 0, {f2c2 - ab ~ O. It is also obvious if (2b2 - ca)(2c2 - ab) ~ 0 

(due to (*)), so we may assume that 2b2 - ca ~ 0,2c2 - ab ~ O. 

(ii). The first case. a ~ 2(b + c). We conclude that 

2a2 - bc ~ 4(ab - 2c2 + ac - 2b2) 

:} {!2a2 - bc ~ -thb2 - ca-{!2c2 - ab 

:} {!2a2 - bc + {!2b2 - ca + {!2c2 - ab ~ O. 

We used the inequality {/4(x + y) ~ ~ + ¢Y. 
(i). The second case. If a < 2(b + c). WLOG, assume that abc = 1. We have to 

prove that 

Denote 

f(a, b, c) = 2(a2 + b2 + c2) - (ab + bc + ca) - 3 {!(2a3 - 1)(1 - 2b3)(1 - 2c3). 

We clearly have f(a, b, c) ~ f(a, VbC, VbC) since 

2(a2 + b2 + c2
) - (ab + bc + ca) ~ 2(a2 + 2bc) - (2aJbc + bc) ; 

and 

It remains to prove the initial inequality in the case b = c, namely 
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This inequality is equivalent to 

2a 2 + 15b2 ~ gab, 

which is clearly true due to AM-GM inequality. Equality holds for a = b = e = O. 

Comment. The following stronger inequality holds 

. 1 + V513 * Owen real numbers a, b, e, and k = 16 ' then 

\!ka2 - be + \!kb2 - ca + \!ke2 - ab ~ O. 

To prove it, we use the same technique as shown in the above proof. Similarly, we 

only need to consider the main case a ~ b ~ e, abc = 1, kb3 ~ 1 and ke3 ~ 1. Let 

I(a, b, c) = k(a2 + b2 + e2) - (ab + be + ca) - 3\!(ka3 - 1)(1 - kb3 )(1 - ke3 ). 

We are done easily if a ~ k( Vb + JC)2 since, in this case, we have I(a, b, c) > 
l(a,.JbC, .JbC). It remains to consider the case a ~ k(Vb + JC)2. Denote 

g(a) = ka2 - be + 4(kb2 + ke2 - ab - ae). 

We infer that 

g'(a) = 2ka - 4k(b+ c) ~ 2k2 (Jb + JCf - 4(b+ c) ~ O. 

Therefore 

g(a) ~ 9 (k (Jb + JC) 2) . 
Denote x = Vb, y = JC. The inequality 9 (k (Vb + JC) 2) ~ 0 is equivalent to 

k 3 (x + y)4 _ x 2y2 + 4k(x4 + y4) _ 4k(x + y)2(x2 + y2) ~ 0 

or 

This last inequality is obvious since all the coefficients are non-negative. Therefore 

g( a) = ka 2 
- be + 4( kb2 + ke2 

- ab - ae) ~ 0 

=> \!ka2 - be ~ \!4(ab+ ae - kb2 - kc2) ~ \!ab - ke2 + \!ae - kb2 

=> {lka2 - be+ {jkb2 - ca + {lke2 - ab ~ 0, 

( (8k=::r ) which is the desired result. Equality holds for Ca, b, c) "" V ----,;-,1,1 . 
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Problem 52. Prove that the following inequality holds for all real numbers a, b, e 

(Vasile Cirtoaje) 

SOLUTION. We give four solution., to this problem. 

First Solution. Notice that 

4(0.2 + b2 + e2 
- ab - be - ca) ((a2 + b2 + e2)2 - 3(a3b + b3e + e3a)) 

= ((a3 + b3 + e3 ) _ 5(a2b + b2e + e2a) + 4(ab2 + be2 + ca2)) 2 

+ 3 ((a3 + b3 + e3) _ (a2b + b2e + c2a) - 2(ab2 + bc2 + ca2) + 6abc) 2 2 o. 

Second Solution. WLOG, suppose that a = min(a, b, c). Let b = a + x, c = a + y 

with x, y 2 o. By expanding, we obtain 

Consider the expres::;ion as a quadratic of a, then 

!:1f = (x3 + y3 + 4xy2 _ 5x2y) _ 4(x2 + y2 _ xy)(x4 + y4 + 2x2y2 - 3x3y) 

= -3(x3 - x 2y _ 2xy2 _ y3)2 ~ 0, 

so the desired result fol1ows immediately. 

Third Solution. The following identity gives the conclusion 

2(a2 + b2 + c2)2 - 6(a3b + b3e + c3a) = 2::(a2 - 2ab + be - c2 + 00)2. 
eye 

Fourth Solution. The following identity gives the conclusion 

6(a2 + b2 + e2
)2 -12(a3b + b3e + c3a) = 2::(a2 - 2b2 + e2 + 3bc - 3ca)2. 

eye 

Comment. Using this result, we can prove the following inequality easily enough by 

the Cauchy reverse techique. 

* Let x, y, z be positive real numbers such that x + y + z = 3. Prove that 

x y z 3 ---+ + >-. 
1 + xy 1 + yz 1 + zx - 2 
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Indeed, to prove this inequality, just notice that 

x x 2y x2y 1 
---=x- >x---=x--Jx3y. 
1 + xy 1 + xy - 20iY 2 

Problem 53. Let a, b, c be three real numbers satisfying the condition a2 +b2 +c2 = 9. 

Prove that 

3 min (a , b, c) ::; 1 + abc. 

(Virgil Nicllla) 

SOLUTION. WLOG, we may assume that c ~ b ~ a. Consider the following cases 

(i). a ::; 0 : Let d ::.-: -a and e = Ibl . We will prove that 

-3d ~ 1 - dee <=? d( ce - 3) ~ 1. 

If ce ::; 3, the conclusion follows immediately. Otherwise, if ce ~ 3 then 

and we are done. Equality holds for a = -1, b = c = 2 up to permutation. 

(ii). If a ~ 0 : The problem can be rewritten as 

Since 2abc ~ a3 + ab2 , we only need to prove 

3 + abc ~ ae <=? 3 ~ ac( c - b). 

a ::; b, hence c ~ J9 - 2a2 , so 

ac(c - b) ::; ac(c .. a) ~ aV9 - 2a2 ( J9 - 2a2 - a). 

It suffices to prove that 

1 
If - < 2 < 1 then 3- -

a(9 - 2a2 )-a2 J9 - 2a ~ 3 

<=? f(a) = 2a6 - 9a4 - (3a _1)2 ::; o. 
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If 1 ~ a ~ /"f then 

( 
4 3) 2 2 2 (11) f(a) = a + 2 (2a - 3) - 6a (a -1) - 6a a - 12 ~ O. 

If f! < a < V3 then V2 - -
f(a) = a2(a2 

- 3)(2a2 
- 3) + (1 - 6a) ~ D. 

The problem is completely solved. There is just one case of equality. 

Comment. The following inequality, proposed by Vasile Cirtoaje, can be proved in 

the same manner. 

* Given non-negative real numbers a, b, c with a 2 + b2 + c2 = 3, prove that 

1 -+- 4abc 2 Smin{a,b,c}. 

Problem 54. Let a, b, c, d be non-negative real numbers such that a + b + c + d = 4. 

Prove that 

(Pham Kim Hung) 

SOLUTION. Notice that for all x 20, (1 + x4)(1 + x) 2 (1 + x3 )(1 + x2 ), therefore 

eye eye eye eye 

It's enough to prove that n (1 + a2
) 2 n (1 + a), or L In(1 + a2 ) 2 L In(l + a). 

Denote 

Its derivative is 

eye eye eye 

a-I 
f(x) = In(1 + a2

) -In(1 + a) - -2-' 

f'(x) = 2x __ 1 __ ~ = (x -1)(3 - x 2
) 

l+x2 l+x 2 2(I+x)(l+x2)' 

eye 

so f(x) is increasing on [1, V3] and decreasing on [D, 1] U [V3, +00]. That implies 

min f(x) = min{f(I),f(2.2)} = D. 
O$x$2.2 
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If all a, b, c, d are smaller than 2.2 then we conclude that 

2: J(a) ~ 0 =>- 2: In(1 + a2) -In(1 + a) ~ 2: a; 1 = O. 
eye eye eye 

Otherwise, suppose a ~ 2.2. Since the function g(x) = 11:: attains its minimum 

on jR+ for x = -1 + V2 and g(a) ~ g(2.2), we deduce that 

g(a) . g(b) . g(c) . g(d) ~ g(2.2) . (g (-1 + h)) 3 ~ 1.03 > 1. 

This ends the proof and equality holds for a = b = c = d = 1. 

Problem 55. Find the best constant k (smallest) for the inequality 

to hold for a, b, c are three non-negative real numbers with a + b + c = 3. 

(Generalization of Russia MO 2000) 

1 
SOLUTION. In example 1.1.1 in chapter I, this inequality is proved for k = "2 and 

therefore it's true for every k ~ ~ . Consider the inequality in the case k :::; ~. 

Lemma. Suppose a, b ~ 0 and a + b = 2t ~ 1 then we have 

Indeed, WLOG assume that a ~ b. There exists a non-negative real number x with 

a = t + x, b = t - x. Consider the function 

then 

J'(x) = k(t + x)k-l - k(t - x)k-l + 2x, 

J"(x) = k(k - 1) ((t + x)k-2 + (t - x)k-2) + 2, 

f"'(x) = k(k -1)(k - 2) ((t + x)k--3 - (t - x)k-3). 

So f"'(x) :::; 0, hence 1"(x) is a monotone function and therefore 1'(x) has no more 

than two roots. Since 1'(0) = 0 and 

J"(O) = 2k(k - l)tk- 2 + 2 = 2 - 2k(1 - k) ~ 0, 
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we conclude that f attains the minimum at x = ° or x = t only. 

Returning to our problem, WLOG, assume that a ~ b ~ e. Let a + b = 2t ~ 1, then 

(i). (2tl ~ 2tk - e. Using the lemma for 2t and e, we obtain 

ak+bk+ek-(ab+be+ca) ~ (2t)k+ ek-e.2t ~ min {(2t + e)k, 2 (t + ~) k _ (t + ~) 2}. 
Since 2t + e = 3, we can conclude tha.t 

k k k . {k 3
k 9} a + b + e - (ab + be + ea) 2: mm 3, 2· 2k - 4' . 

• 
(ii). (2t)k ~ 2tk - t2. We ,will prove that g(t) ~ 0 where 

g(t) = 2tk + (3 - 2t)k - 2t(3 - 2t) + t 2 = 2tk + (3 - 2t)k - 6t + 3t2. 

Notice that 

g'(t) = 2ktk- 1 - 2k(3 - 2t)k-l - 6 + 6t, 

g"(t) = 2k(k -1) (t k - 2 - 2(3 - 2t)k-2) + 6, 

g"'(t) = 2k(k - l)(k - 2) (tk -. 3 - 4(3 - 2t)k-3) . 

Because g"'(t) has no roots if (t > 1), we infer g'(t) has no more than two roots, We 

deduce that 

min g(t) = min (9(1),9 (-2
3
)) = min (0,2, 2

3
: - ~) . 

1$t9/2 4 

According to these results, we conclude tha.t for all positive real k 

( 
3k 9) 

ak + bk + ck 
- (ab + be + ea) 2: min 0,2· 2k - 4' . 

Therefore the best constant k is 

2 . 3
k = ~ ¢:} k = 2ln 3 - 3 In 2 '"" ° 2905 

2k 4 In 3 - In 2 '"". . 

In this case, equality holds for a = b = e = 1 or a = b = ~,e = ° or permutations. 
2 

Problem 56. Let a, b, e be posi.tive real numbers. Prove that 

abc £ -+-+->3 
b e a-

a 2 + b2 + e2 

ab+ be+ ca' 
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(Vo Quoe Ba Can) 

SOLUTION. Notice that if a ~ b ~ e then 

-+-+- - -+-+- = <0 (a b e) (b e a) (a-b)(a-e)(e-b) 
b e a abe abc -

so it's enough to consider the case a ~ b ~ e. By squaring both sides, we get 

Moreover, using the following identities 

~ + ~ + ~ _ 3 = (b - e)2 + (a - b)(a - e) 
abe be ae 

a 2 b2 e2 (b-e)2(b+e)2 (a 2-b2)(a2 -e2) 
-+-+--3= +..:.....--~~-~ 
b2 e2 a 2 b2e2 a2b2 

and a2 + b2 + e2 - (ab + be + ca) = (b - e)2 + (a - b)(a - e), we can rewrite this 

inequality to (b - e)2 M + (a - b)(a - e)N ~ 0 with 

M = ! + (b + e)2 _ 9 
be b2c2 ab + be + ea 

N= ~+ (a+b)(a+e) _ 9 
ae a2b2 ab + be + ca 

If b - e ~ a - b then 2(b - e)2 ~ (0 - b)(a - e). We have 

IvI>~- 9 >0 -
- be ab + be + ca - J 

6 18 
IvI + 2N ~ be - b b ~ 0 ; a + e+ ca 

We conclude that 

1 
IvI(b - c)2 + N(a - b)(a - c) ~ '2(a - b)(a - e)(lvI + 2N) ~ O. 

Now suppose that b - e ::; a - b, then 2b ::; a + e. Certainly II,f ~ 0 and 

N 
2 a+b+e 2 3 > (J2+Js)2 9 >-+ >-+- > ' 

- ac ab2 - ae ab - ac + ab ab + be + ea 

This ends the proof. Equality holds for a = b = e. _ 

Comment. The following similar inequality is a bit more difficult 

* Given positive real number's a, b, e, prove that 

a 2 ~ e 9(ab+ be+ ca) > 12 
b2 + c2 + a 2 + a 2 + b2 + e2 - • 



194 Chapter 9. Problems and Solutions -

PROOF. Notice that if a ~ b 2: c then 

a 2 b2 c2 b2 c2 a 2 

b2 + c2 + a 2 ~ a 2 + b2 + c2' 

so we only need to consider the inequality in the case a ~ b ~ c. Rewrite it to 

2 ((a+b)2 9) ((c+a)(C+b) 9) 
(a-b) a2b2 - a 2 + b2 + c2 +(c-a)(c-b) a2c2 - a 2 + b2 + c2 ~ 12, 

then we denote 

9 N_(c+a)(c+b)_ 9 
- Q 2C2 a2 + b2 + c2 ' 

First we will prove that N ~ 0, or 

Since b ~ c, we may prove the following stronger inequality as 

or 

or 

which is obvious, so N ~ O. Next, we divide the problem in two cases. 

{i}. The first case. a - b ::; b - c, then 

(c- a)(c- b) ~ 2(a - b)2 

and the inequality is proved if we can prove that 

M + 2N > (c+ a)(c + b) _ 10 > O. 
- a 2c2 a 2 + b2 + c2 -

Indeed, this inequality is equivalent to 

Since b ~ a; c, we infer that (due to AM-GM inequality) 
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~ 2vac' v'3ac· 3ac > lOac. 

(ii). The second case. a - b ~ b - C. In this case, we will prove that l\,f ~ 0 or 

5 
If a ~ 2b, this inequality is immediately true because a2 + b2 > -ab So we may 2 . 
t\)'Ssmne Itlluat a :5 :~b. Sinoe Ie > .2b - 'a, 'We olIlly Imeed . ~,ro prr(J)~e Ith.ait 

I~C/. + Ib~:21(la2 * ~rl +- (:Blh.- ~?)2 :2: @N2hll . 

Let .x = ~ 1 then ·we lhaue ~ < x -< .L 'lTI~le .ineql11allltybeoGlmes 
Q. 2- -

i(x +- ~~2(f;i2 - ·4x+:2) c. gill 

f:(~~ = :5.i~ 11- mx8
- tGx2 * 2 ? O. 

The ,dlel~;vatiiVe .Jr:(x~ = .20a::3 + l'8i::l - 2'Ox 1U'1.S eoca.ctJI~ one II:<DlDt lin I[~ .' 11]" :Xo 

. .....J@ + ·,yl481 'Th ol: • f'( ~ f( .) I'll JJ 1tJ1 dLus'!C 11 . . ·erreLOIle :m.lll XI = . .:.l1o > I~JI :8Jlil.lLI le Icorl HiUl 110 (jJWs. 
f1lGl o.~ :Sx'9.·- . . ' 

iPl1lDilDlleIID. 51. $.U,P'P(Flb'e tlJ,m'i 111, Ib". Cl ·d laTt: ,pOSUi1)C Ifreal ,nwrn)be,~8 ~at'i~fiyi'IlAg (j),2 + 102 + i? Tl

e? =·4. ,p,1f(f)ve I~h(j,t 

1 11 It 11 'I: 
. 11- . -t/-. . * . < :8. 
Z .- !abc l - Iboo :3 -- c(1a. ,3 - .dab -

:(PJaam ILOma HLung:) 

,SOIIJUJTIOl'1l. Let x = lall(:~,:y = itbd •. iZ = ,G.oo, It =mcd. ',[llie iJDrdbllem ~ecomes 

~ a .~I- :x L.-t -, -- :S; 2 ~ z...-, -- ~llD. ,8 -.X .. 3-:w 
.eye 'eye 

.Accoodling 1tJ(i) AM-GM inequallity, 'We deduce 

] ( 4) :13,/1l 9 
w + ,y = ,G.b(c t+-d) -< ":':(ct2 -\l-Ibll,) ~j2(C2 +- Id.2 ~ < ' - I < -. , . . - ,2 ',. . - '.2. 4 

'WI'LOG:, :assume tlhat X < :Y -< z :~ too lFJirst,t we clDrusidier It;}le ·case :x +:li < ~ .. lIn It his 

(
4)312 

,case, it'1sle~lYto~8ee tJlw.tt = Ibt'Ji 5: I. i.Y 'oodLz.~ [1. SiJnce{:B-.x)-l is:aniiJnm-easing 

IC011l~eK flllnctJion, '\v:e lha'M€ 

11 It 1 1 11 [Cl. 11 
I~ - .X + 3 - .1/ -H- ~ - z + 3 -,t :~ :3 -1114 +j -H- :3 1 + 3 _ (4,j:H}3/2 < :2. 
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Now suppose that x + y > ~. Since 

(1 - x)(4x + 3) - (1- y)(4y + 3) = (x - y)(l - 4x - 4y) ~ 0, 

(3 - x)(4x + 3) - (3 - y)(4y + 3) = (x - y)(9 - 4x - 4y) ~ 0, 

, accor.di~ to Chebyshey inequality. we deduce ,that 

'E 1-!r. 'E :(~ - iH4x + $) 1 I('E' - , " ' ) , (2: 1 ')1 ,-- = ' >- , 11 -:rr 1 ,4x + ,:B ' " , 0 

" ~ -fr: ' :(3 - x){4x+ 3) - 4 I ' .( ,)( I) I" i(~ -rr.:)1(4a: +:3~ , 
'«ye ,cye ' , , " ,cye ' '"eye' " 

.It Il1eIlI'la;iIIlS to IF)FOVe tihalt 2::(1 -:a:)(4x -!+-,::&:) '~ I (i) :Olf S = 12 *. L 'x - ,4 2: 3;2 > la, 
:aye 

SinGe L 10,2 !:::: ,4, AM..IGM i]leq:ualli~iY :sm.(I)WS 'thalt: Io,'hcil :$; ,[ ,and E ~ > 4 . IT'hereimre 
,eye ,eye (l 

Lei 'm '= :(],~ . ''1.? = !l? tIP = ,c2 ~ ,q = 18.2 then Em = 4. A:c:(tordllD~g !to I(""~" we inlf-er lt11n.at 
,eye 

.5 :2: 112 + ·l1m.tnpg - 4. E rmnp 
,oyr: 

,sinde ,x .~ ()) ~ ,;; ,~ It, iilt follows ItHuM 'm. :$; 171 :f ':p :f ,q. Let 'r = ~1('1.? + ip * 'q) tJhen by 

A.~-Gl\1[ iD£l(jl:u:allit~, l\V:eget'l'!J1+ rpq +'~l'n :$; ,3.r l2 2I!Ildl 'npq ::£ ;t3 . !Because;7!n .~ 1" 'We ;get 

P ({i(:Jve r/Jhat 

1 11 ,~rn 
-- + 1+- ••• + = -. 
11+-X1 1 +:a;2 1-jj- ,x,n:2 

, I1l [ 1712 
~ >

,~ :!t" +a;,' - :2 ,. 
ii ,j=1 3 ' 'J 

I 
1 

II 

I 

II 

II 
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(Titu Andreescu, Gabriel Dospinescu) 

. l-x -
SOLUTION. For each i E {I, 2, ... , n}, we denote ai = t. Therefore, al + a2 + ... + 

1 +Xi 
an = 0 and ai E [-1, 1]. Consider the expression 

We have 
n n 

P = L (1 + ai)(1 + aj)(1 - aiaj) = n 2 - L a;a; :S n 2. 
i,j=l i,j=l 

According to Cauchy-Schwarz inequality, we conclude 
• 

n 2 
Therefore S ~ "2 and the equality holds for Xl = X2 = ... = Xn = 1. 

Problem 59. Let a, b, c be non-negative real numbers. Prove that 

ab be ca a + b + e ----+ + < . 
a + 4b + 4e b + 4e + 4a e + 4a + 4b - 9 

(Pham Kim Hung) 

SOLUTION. WLOG, we may assume that a + b + e = 3. The inequality becomes 

3ab L ab L b <I<=> --<I<=> --<1 L a + 4(3-a) - 4-a - 4-a-
eye eye eye 

eye eye 

We have two different solutions, for this last inequality 

First Solution. Since a + b + e = 3, the inequality can be rewritten to 

eye eye eye eye 

eye eye eye 



198 Chapter 9. Problems and Solutions -

• 

This inequality can be rewritten to 

where Sa, Sb, Se are given by 

Notice that we will prove (*) for all non-negative real nwnbers a, b, c (we have already 

dismissed the condition a + b + c = 3). Because all Sa, Sb, Se are linear functions of 

a, b, c, if we replace a, b, c with a - t, b - t, c - t (t $ min(a, b, c)) then the differences 

a - b, b - c, c - a are unchanged, the left hand expression of (*) is unchanged but the 

right hand expression of (*) is decreased. So it suffices to prove the inequality in the 

case min(a, b, c) = 0 (as we let t = min(a, b, c)) and it becomes 

which is clearlyAM-GM inequality because 2a + b = 3. 

Second Solution. WLOG, assume that b is the second greatest number of the set 

{a, b, c}. We certainly have 

and it remains to prove that 

bc(a + c) + a2b + abc $ 4 <=> b(a + c)2 $ 4 

which is also AM-GM inequality. Equality holds for a = 2, b 

permutation. 

1, c = 0 up to 

Problem 60. Suppose that n is an integer greater than 2. Let aI, a2, ... , an be positive 

real numbers such that ala2 ... a n = 1. Prove the following inequality 

al + 3 a2 + 3 an + 3 
(al+1)2 + (a2+1)2 + ... + (an +l)2 2:3. 

(United of Kingdom TST 2005) 
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SOLUTION. Notice first that it is sufficient to prove the inequality in the case n = 3, 

For a bigger value of n (n ~ 4), we only need to choose from the set {a}, a2, ... , an} 

the three smallest numbers, say al,a2,a3 . Since aIa2a3 $ 1, there exists a positive 
abc 

number k such that - = - = - = k ~ 1, then 
al a2 a3 

We will now prove that if a, b, c are positive real numbers and abc = 1 then 

a+3 b+3 c+3 3 
(a +- 1)2 + (b + 1)2 + (c + 1)2 ~ . 

Let al = _2_,b1 = ~b,CI = _2_. The inequality becomes 
l+a 1+ l+c 

al + bI + C} +- a~ + b~ + c~ ~ 6. 

Since abc = 1, we have 

Let x = al - 1, y = bI - 1, Z = Cl -1, then x, y, z E [-1,1] and we infer that 

(x + l)(y + 1)(z + 1) = (1 - x)(I- y)(1- z) =} x + y + z + xyz = O. 

By AM-GM inequality, we deduce that x 2 + y2 +- z2 ~ 3(xyz)2/3 ~ 3xyz, thus 

eye eye 

This ends the proof. Equality holds for a = b = c = 1. 

Problem 61. Let a, b, c be non-negative real numbers with sum 2. Prove that 

J a + b - 2ab + Jb + c - 2bc + J c + a - 2ca ~ 2. 

• 
(Pham Kim Hung) 

SOLUTION. WLOG, we may assume that a 2: b 2: c. Let x = a+b-2ab, y = b+c-2bc 

and z = c + a - 2ca. The inequality is equivalent to (after squaring) 

2:L foY ~ 2 :L abo 
eye eye 
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Notice that 2x = c(a+b) + (a-b)2 and 2y = a(b +c) + (b-c)2, so Cauchy-Schwarz 

inequality gives us that 

2.jXY ~ v' ca(a + b)(b + c) + I(a - b)(b - c)l· 

Applying Cauchy-Schwarz inequality again, we have 

v' ca(a +- b)(b + c) = ,rca· v'(a + b)(c + b) ~ vca (vca + b) = ca + bvca. 

It remains to prove that 

eye eye eye 

eyr; 

Denote JC = m, Va - Vb = 0: ~ 0, Vb - JC = {3 2:: O. The inequality above becomes 

2(0: + (3 + 2m)2(0: + (3)2 + 20:{3(2rn + (3)(2m + 2{3 + 0:) ~ 

This last one can be reduced to tvl rn2 + N m + P ~ 0 where 

N = 8(0' + (3)3 + 40:{3(0: + 3(3) - 2{3(0: + (3)2 - 2(0: + (3)(32 ~ O. 

P = 2(0: + (3)4 + 20:{32(2{3 + 0:) - 2(:P (0: + (3)2 ~ O. 

We are done. The equality holds for a = b = c = ~ and a = b = 1, c = 0 up to 
3 

permutation. 

Problem 62. Let a, b, c be non-negative real numbers such that a 2 +- b2 + c2 = 3. 

Prove that 
a b ~ --+--+--<1. 

b+2 c+2 a+2-

(Vasile Cirtoaje) 

SOLUTION. After expanding, the inequality gets a simpler form 
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WLOG, suppose that b is the second greatest number in the set {a,b,c}, then 

Therefore suffices to prove that 

which is obvious. Equality holds for a = b = c = 1 or a = 0, b = I, c = J2 up to 

permutation. 

Problem 63. Let a, b, c be non-negative real numbers. Prove that 

a(b+c) b(c+a) c(a+b) 2 
2 +2 +2 >. a + bc b + ca c + ab -

(Pham Kim Hung) 

SOLUTION. The inequality is equivalent to 

L a(b + c)(b2 + oo)(c2 + ab) ~ 2(a2 + bc)(b2 + ca)(c2 + ab) 
eye 

eye cye eye eye 

According to the identity 

(a - b)2(b - c)2(c - a)2 

= La4 (b2 + c2) + 2abc La2(b+ c) - 2 La3 b3 
- 6a2b2c2 - 2abc L a3

• 

eye eye cye eye 

we can rewrite (*) as 

(a - b)2(b - c)2(c - a)2 + 2a2b2c2 + abc L a2(b + c) ~ o. 
sym 

which is obvious. Equality holds for a = b, c = 0 or permutations. 

Comment. According to the same identity, we can prove the following inequality 

(notice that without this identity, these problems are really hard) 

* Let a, b, c be three non-negative real numbers. Prove that 

a(b+c-a) b(c+a-b) c(a+b-c) >0 
~a""'2 -+-2""'-b-c ~ + b2 + 200 + c2 + 2ab - . 
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Problem 64. Suppose that a, b, e are the side lengths of a triangle. Prove that 

abe ab+be+ca 5 
--+--+--+ <-. 
b + e a + e a + b a 2 + b2 + e2 - 2 

SOLUTION. With the following identities 

-3+ '"' 2a _ L (a- b)2 
~b+e- (a+e)(b+e)' 
eye eye 

2 _ 2(ab + be + ca) = (a - b)2 + (b - e)2 + (e - a)2 
~+~+~ ~+~+~' 

we can transform our inequality to Sa(b - e)2 + Sb(a - e)2 + Se(a - b? ~ 0 where 

~+~+~ ~+~+~ ~+~+~ 
Sa=l-(a+b)(a+e),Sb=l-(b )(b ),Se=l-( )( b)· +a +e e+a e+ 

WLOG, suppose that a ~ b ~ e. Then, clearly, Sa ~ O. Since a, b, e are the side 
a-e b a+b 

lengths of a triangle, we get that a ~ b + e and --b ~ - ~ --. Moreover 
a- e a+e 

S 
a(b + e -- a) + e(b - e) c(b - e) 

b- >-~-....:....--
- (a+b)(b+e) - (a+b)(b+e)' 

Se= a(b+e-a)+b(e-b) > bee-b) 
(a+e)(e+b) - (a+e)(e+b)' 

so we can conclude that 

(a - b)2 ( b2e(b - e) e2b(e - b) ) 
~ e2 (a+b)(b+e) + (a+e)(e+b) 

= (a - b)2(b - c)b (~ __ a + b) > o. 
(a+b)(b+e) e a+e -

Equality holds for a = b = e or a = b, e = 0 or permutations. 

Problem 65. Let a, b, e be non-negative real numbers. Prove that 

1 1 1 6 
~:;<:=::::::;::::+ + >---
../ a 2 + be ../b2 + ca ../C2 + ab -- a + b + e 

(Pham Kim Hung) 
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SOLUTION. First solution. Taking into account problem 15, we have 

1 1 1 9 6 
---r=::;<==:=:= + + > > ---:---
va2 +be Vb2+ca ve2 +ab - va2 +be+Vb2 +ca+Ve2 +ab -- a+b+e 

Second solution. Applying AM-GM inequality, directly we have 

1 1 1 3 

v'a2 + be + Vb2 + ca + VC2 + ab ~ {I(a2 + be)(b2 + ca)(e2 + ab)· 

It remains to prove that if a + b + e = 2 then (a2 + be)(b2 + ca)(e2 + ab) ~ 1. WLOG, 

we may assume that a ~ b ~ e, then 

( a + i) 2 ~ a2 + be ; 

Moreover, 

4 (a + i) (b2 + e2 + ab + ae) - (a + b + e)3 

= -(a - b)2(a + b) + (ae - 3a2e) + (e3 - be2 - b2e) ~ o. 

We conclude that 

This ends the proof. Equality holds for a = b, e = 0 or permutation . 

• 

Problem 66. Let a, b, e be positive real numbers. Prove that 

~ ~ ~ a+b+e ---::---------,,- + + >. 
2a2 - ab + 2b2 2b2 - be + 2e2 2e2 - ca + 2a2 - 3 

(Nguyen Viet Anh) 

SOLUTION. Rewrite the inequality form as follows 

a3 1 a(a2 + ab - 2b2) 
L 2a2 - ab + 2b2 - 3" La = L 3(2a2 - ab + 2b2) 
eye eye eye 

~ (a(2a + b) 1 ) 
= ~(a - b) 3(2a2 _ ab + 2b2) - 3" 

eye 

_ ~ ~ (a-b)2(2b-a) 
- 3 ~ 2a2 -ab+2b2 . 

eye 



204 Chapter 9. Problems and Solutions -

We may assume that a = max{a, b, e}. If {~,~, ~} E (0,2], we are done. Otherwise, 

we need to consider some subcases 

(i). The first case. a ~ b ~ e. If a ~ 2b then 

a3 a b3 b -::----......,....".>_. >_. 
2a 2 - ab + 2b2 - 2 ' 2b2 - be + 2c2 - 3 ' 

a3 b3 e3 a b a + b + c 
=> + + >-+->----=--

2a2 - ab + 2b2 2b2 - be + 2e2 2e2 - ca + 2a2 - 2 3 - 3 
Otherwise, b ~ 2e. Then 

a3 b3 e a b a + b + c ------::- + + > - + - > ---
2a2 - ab + 2b2 2b2 - be + 2e2 2e2 - ca + 2a2 - 3 2 - 3 

b e 
(ii). The second case. If a ~ e ~ b, then 0 ::; - ::; 1,0 < - ::; 1. We may assume 

e a 
that a ~ 2b, then 

a3 a ----,::-----:-::- > -
2a 2 - ab + 2b2 - 2 

We will prove now that 
b3 b e 

~2b:-;2::----:-b-e-+-2::-e"';;'2 ~ 3 - 9 
Indeed, this inequality is equivalent to 

With the condition c ~ b, f' (e) = 62 - 14cb + 5b2 has exactly one root Co 

(7 + vT9) b 
16 ' therefore f(c) ~ f(co) ~ O. (2) is proved. 

Similarly, we will prove that 

a e3 4e -+ >-
6 2e2 - ca + 2a2 - 9 

Indeed, this inequality is equivalent to 

(1) 

(2) 

(3) 

which is true due AM-GM inequality. Adding inequalities (1), (2) and (3), we get 

the desired result. 'Equality holds for a = b = e. 

Problem 67. Prove that for all positive real numbers a, b, e 

a2 b2 2 1a4 + b4 + c4 -+-+->3 . 
b e a - 3 

• 
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SOLUTION. Applying Holder inequality, we obtain 

Let x = a2, y = b2, Z = c2. It remains to prove that 

(x + y + Z)3 ~ 3(xy + yz + zx)J3(x2 + y2 + z2). 

(x + y + z)2 3J3(x2 + y2 + z2) {:} > ---.:..---..:.----..:.--....:... 
xy + yz + zx - x + y + z 

(x - y)2 + (y - z)2 + (z - x)2 3 ((x - y)2 + (y - z)2 + (z - x)2) 
# > -:--~-:7.....:---~--..:...-;;:;:::;:==:;:::::::::::;;:~ 

2(xy+yz+zx) - (x+y+z)(x+y+z+V3(x2+y2+z2)) 

{:} 6(xy + yz + zx) .::; (x + y + z) (x + y + z + J3(x2 + y2 + z2)) 

which is obvious. Equality holds for x = y = z or equivalently a = b = c. 

Comment. By a similar approach, we can prove the following inequality 

* Lei a, b, c be positive real numbers. Prove that 

a 
2 b2 c? 3 ~ a4 + b4 + c4 --+--+-- > -. . 

b+c c+a a+b-2 3 

Moreover, an extended result for four numbers is also true 

* Let a, b, c, d be positive real numbers. Prove that 

Problem 68. Let a, b, c be non-negative real numbers with sum 3. Prove that 

(Pham Kim Hung) 

SOLUTION. We will first prove that if a ~ b ~ c then 

Indeed, just notice that 

:L:a3b- :L:ab3 =(a+b+c)(a-b)(b-c)(a-c), 
eye eye 
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L a2b3 - L a3b2 = (ab + be + ca)(o, - b)(b - e)(e - a). 
eye eye 

Therefore 

IT (a + b2) - IT (a2 + b) = (a - b)(b - e)(a - e) (L a - L ab) ~ 0 
eye eye eye eye 

because 

eye eye eye 

According to this result, we see that it's enough to consider the case a ~ b ~ e. Let 

f(a, b, e) = (a + b2)(b + e2 )(c + a2) - abc = L a3b + L a2b3 + a2b2c2. 
eye eye 

We will prove that /(a, b, c) ~ f(a + e, b, 0). Indeed 

/(a, b, c) - f(a + c, b, 0) = L a3b + L a2b3 + a2b2c2 - (a + c)3b - (a + c)2b3 

eye eye 

is true becau'5e 

This inequalities imply /(a, b, c) ~ /(a + c, b, 0) = (a + c)2b(a + c + b2). It remains to 

prove that if x,Y ~ 0 and x + y = 3 (x = a + e,Y = b) then x 2y(x + y2) ~ 13. 

Indeed, the left-hand expression, changed to a function of x, becomes 

Applying AM-GM inequality, we deduce that 

and according to AM-GM inequality again, we get 
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Thus, we conclude that 

1 ( 4)2 f(x) ::; 4 7 + 27 < 13. 

Comment. With the same approach, we can prove the following stronger results 

* Let a, b, e be non-negative rea/, numbers with sum 3. Prove that 

* Lel a, b, e be non-negative real numbers with sum 3. Prove that 

• 

Problem 69. Lel a, b, e be positive real numbers. Prove that 

(a+b)2 (b+e)2 (c+a)2 6 
c2 + ab + a2 + be + b2 + ae ~ . 

(Peter Scholze, Darij Grinberg) 

SOLUTION. We have (a + b)2 - 2(e2 + ab) = (a2 - e2) + (b2 - e2), therefore 

(a+b)2 (b+e)2 (e+a)2 (a2 _b2)+(a2 _e2) 
c2 + ab + a2 + be + b2 + ca - 6 = L a2 + be cye 

where At = (a2 + be)(b2 + ca)(e2 + ab) and Sa, Sb, Sc are determined from 

Sa = (b + c)(b + e - a)(a2 + be), 

Sb = (e + a)(e + a - b)(b2 + ae), 

Se = (a + b)(a + b - e)(e2 + ab) . 

(a - e)2 a2 
Now suppose that a ~ b ~ c. Certainly, Se ~ 0 and (b _ e)2 ~ b2' so we have 

L Sa(b - e)2 ~ (a - e)2Sb + (b - e)2Sa 
eye 
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On the other hand 

a2Sb + b2Sa = a2(a + c)(a + c - b)(b2 + ac) + b2(b + c)(b + c - a)(a2 + be) 

~ a(a - b) (a2(b2 + ac) - b2(b2 + ac) » o. 

We are done. Equality occurs if a = b = c or a = b, c = 0 or permutations. 

Problem 70. Find the maximum value of k = k(n) for which the following inequality 

is true for all real numbers Xl,X2, ... ,Xn 

SOLUTION. Let al,a2, ... ,an be positive real numbers, then 

212 
an-lYn-l + - . Yn + 2Yn-lYn ~ O. 

an 

Adding up these results, we obtain 

(Le Hong Quy) 

( 1) () 
n-l 

2 2 1 2 1 2 
alY] + - + a2 Y2 + .. , + -- + an-1 Yn-1 + -- . Yn + 2 L YiYi+1 ~ 0 (*) 

a] an-2 an-l. 
1=1 

We will choose n numbers all a2, ... , an such that 

1 1 
al = - + a2 = ... = -- - 1. 

al an-l 

. . sin(k + 1)0: 211" 
WIth some calculatIOns, we find out ak =. where 0: = . Inserting 

sm(ko:) 2n;- 1 
these in (*), we conclude 

2 coo <> (t, Yi) + 2 (~YkYk+!) + Y~ 2: 0 

<* 2(1+008<» (t, Yi) 2: yi + ~(Yk -Yk+,)'. 
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Setting Yk = Xl + X2 + ... + Xk Vk E {I, 2, ... , n}, we obtain 

2 a (, 2 ( ) 2 ( )2) > 2 2 2 ~cos '2 X l + Xl+X2 + ... + Xl+X2+",+ X n _Xl +X2 + .. ·+Xn • 

The best (greatest) value of k is 4 21 7r with equality for 
cos 2n+1 

( l) k (. 2k1f . 2(k -1)1f) 
Xk = - sm 2 + sm 2 . n+1 n+1 

Comment. In example 6.2.4, we proved (by Cauchy-Schwarz inequality) 

,2 ( )2 ( )2 < 1 (2 2 2 ) Xl + Xl + X2 + ... + Xl + X2 + ... + Xn _ . 2 7r Xl + X 2 + '" + Xn ' 
4sm 2(2n+l) 

What a strange and interesting coincidence! One problem asks for the maximum 

value, the other problem asks for the minimum value, one problem is based on the 

AM-GM inequality and the other on Cauchy-Schwarz inequality, but both come 

to two similar results, with the appearance of 2 21f 
n+1 

Problem 71. Let a}, a2, ... , an be positive real numbers with sum n. Prove that 

(Pham Kim Hung) 

SOLUTION. We prove this inequality by induction. If n = 2, the problem is obvious 

Let's consider the problem for n + 1 numbers with the supppsition that it is true for 

11. numbers. We assume that al ~ a2 ~ ... ~ an ~ an+l' For each i E {1, 2, ... , n}, we 

d b ai ha l + a2 + ... + an AI' h' d . h h' enote i = t' were t = n ~ 1. pp ymg t e m uctIve ypot esIS 

for b}, b2 , ... , bn , we obtain 

1 1 1 
b

l 
+ ~ + ... + b

n 
- n ~ c(l - b1b2 ... bn ), 

8(n - 1) a· 
for all c ~ n

2 
. Replacing bi with i, we deduce that 

n t ( 1 n-) n 1 (n) 
-n + ~ - > c 1 - - IT a· #- ~ - + _c_ IT a' > ~ + ~ (*) 
~ . - tn i ~. tn+l i - t t 
i=l a i i=l i=l a, i=l 
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8n 
For 11. + 1 numbers, we need to prove that, if k = ( )2' then 

11.+1 

Let d = (kan+l)tn+1, According to AM-GM inequality, we deduce that 

an+ltn < (an+1 +nt)n+l = I, 
- n+l 

8n 8(n - 1) , 
hence d ~ kt ~ k = 2 < 2' On the other hand, notIce that (*) holds 

(n + 1) - n 
8(n - 1) 

for all c ~ 2' It also holds for c = c' , so we have 
n 

n 1 (n ) ~ ai + (ka,.l+d 11 ai 

I t remains to prove that 

n n 1 k - + kal1+! t + -- ~ n + 1 + . 
t an +l 

Replacing an+! with n + 1 - nt, we obtain an equivalent inequality 

~+ 1 -(n+1)~k(ntn+l-(n+1)tn+1) 
t n+ 1- nt 

n(n + 1) 8n n 1 
¢:> ( ) ~ ( 1)2 (1 + 2t + ... + nt - ) t n + 1- nt n + 

(n + 1)2 
which is obvious because t ~ 1 and ten + 1 - nt) ~ 4n . We are done. 

Problem 12. Let x, y, z be non-negative real numbers with sum l. Prove that 

• 
J x + y2 + J y + z2 + v''-z-+-x-::-2 ~ 2. 

(Phan Thanh Nam) 

SOLUTION. Notice that if a, b, c, d are non-negative real numbers such that a+b = c+d 

and la - bl ~ Ic- dl, then we have 

Indeed, since (a + b)2 - (a - b)2 ~ (c + d)2 - (c - d)2, we have ab ~ cd, therefore 

a+ b+2Vab ~ c+d+ 2Vc:d ::} Va + Vb ~ VC+ Vd. 
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According to (*), we deduce that 

We conclude that • 

J x + y2 -I- J y + z2 + J z + x 2 2: (x + y) + J z + y2 + J z + x 2 

2: x + y + V(Jz + yZ)2 + (x + yp 
= 1- z + J4z + (1- z)2 = 2. 

Equality holds for x = y = z = ~ or x = I, y = z = 0 or permutations. 

Problem 73. Let a, b, c be positive real numbers with sum 3. Prove that 

111 
2 + a2b2 + 2 + b2c2 + 2 + c2a2 2: 1. 

211 

(Pham Kim Hung) 

SOLUTION. According to AM-GM inequality, we have 

1 1 a 2 b2 1 a 2 b2 1 
2+a2b2 = 2' - 2(2+a2b2) 2: 2' - 6~a2b2 - 2 

We deducE' that 

and it remains to prove that L.: a4/ 3b4/ 3 ~ 3. By AM-GM inequality again, we have 
eye 

3 La4/3b4/3 = 3 Lab~ ~ Lab(o. + b+ 1) = 4(ab+ bc+ 00) - 3abc. 
eye eye eye 

Recalling a familiar result (a + b - c)(b + c - a)(c + a - b) ~ abc, we have 

(3 - 2a)(3 - 2b)(3 - 2c) ~ abc ¢:} 4(ab + bc + 00) - 3abc ~ 9. 

We are done. The equality holds for a = b = c = 1. 

Comment. The following general result is proposed by Gabriel Dospinescu and Vasile 

Cirtoaje 

* Suppose that a, b, c are three non-negative real numbers adding up to 3. Find 

the maximum value of k for which the following inequality is true 
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Let's examine this problem. It is obviously wrong if k < O. It is obviously true if 

0< k ~ 1. Consider now the case k ~ 2. With the supposition a ~ b ~ c, we have 

a+b a-b. 
If 1 < k < 2 we let t = -- and u = -- then a = t + u, b = t - u. Denote - - , 2 2 

feu) = ck ( (t + u)k + (t - u)k ) +(t2 
- u2)k 

then its derivative is 

, k 2 2 k-l (1 1 2U) f (u) = kc (t - u ) ( )k 1 - (t )k 1 - k . t-u - +u - c 

Applying Lagrange theorem for the function g(x) = x 1- k , we deduce that there 

exists a real number to E [t - u, t + u] such that 

1 1 
(t - u)k-l (t + u)k-.l 

2u(k - 1) 
tk 
o 

to ~ t - u ~ c and k ~ 2, so we get f' (u) ~ 0 by 

1 1 = 2u(k -1) < 2u. 
(t + u)k-l t~ - ck (t - u)k-l 

Thw3 feu) ~ f(O) . It remains to consider the case a = b ~ 1 ~ c. Denote 

then we have 

With the condition 0 < a < ~, the equation h' (a) = 0 has only solutions a ~ ~, and 

kIna - (k -1) In(3 - 2a) = In(4a - 3). 

We denote q(a) = kina - (k - 1) In(3 - 2a) -In(4a - 3), then 

aq'(a) = k + (k - 1)a _ 4a 
3-a 4a-3 

a -a 
Notice that both -- and are increasing functions, therefore the equation 

3 - a 4a - 3 
aq'(a) = 0 has no more than one root, therefore the function q(a) = 0 has no more 

than two roots and therefore the equation h'(a) = 0 has no more than two roots. 
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Because h'(I) = 0 and q'(I) = k + 2(k - 1) - 4 = 3k - 6 ~ 0, we easily deduce from 

the variance table that 

h(a) ~ max { h(I), h (~) } . 

We conclude that for all positive real numbers k then 

(ab)' + (be)' + (ca)' ~ max { 3, G) 2k}, 

and equality is reached for every k. Therefore the maximum constant k that we are 

I k £ 
0 In 3 

00 mg or IS 2(ln 3 _ In 2) . 

Problem 74. Consideor the positive real constants m,n, such that 311.2 > m 2. For 

real numbers a, b, c such that a + b + c = m, a2 + b2 + c2 = 11.2, find the maximum and 

minimum of 

(Le Trung Kien, Vo Quoc Ba Can) 

m m mo o 0 

SOLUTION. Let a = x + 3' b = Y + 3' c = z + 3' From the gIven condItions, we get 

3n2 - m 2 

that x + y + z = 0 and x 2 + y2 + z2 = 3 . The expression P becomes 

Notice that 

( )

2 
3 2 18xy 

L xJ 311.2 _ m2 - 3n2 _ m 2 - 1 
eye 

( )

2 

18. 324 2 2 

= 3+ 311.2 -m2 LX + (3n2 _m2)2 LX y 
eye eye 

J 2 (2 )3/2 - 6 x-54 x 2 y 
3n2 - m 2 L 311.2 _ m2 L 

eye eye 

324 ( 2 )3/2 
= 3 + (311.2 _ m 2)2 L x

2
y2 - 54 3n2 _ m 2 L x

2
y. 

eye eye 

1 3n2 - m 2 

Since x+y+z = 0, we get xy+yz+zx = -2(x2 +y2 +z2) = - 6 . Therefore 

Lx
2
y2 = (LXy)2 - 2xyz LX = (L xY) 

2 

eye eye eye eye 
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and we get 

or in other words, 

If we choose 

then 

So 

( 
2 ) 3/2 

12 - 54 2 " ~ x2y ~ 0 
3n -m" ~ 

eye 

2 (3n2_m2)3/2 ~x2y <_ 
~ - 9 2 
eye 

2 (3n2 _ m2) 3/2 m 3 

P=- +-929 

_ ~ (3n2 _ m2)3/2 m3 
maxP - 9 2 + 9 

Similarly, by considering the expression 

( )

2 
, 2 18xy L 3X~ 3n2 _ m 2 + 3n2 _ m 2 + 1 , 

eye 

we easily conclude that 

The problem is completely solved. 

Problem 75. Suppose that a, b, c are three positive real numbers verifying 

(1 1 1) (a + b + c) ~ + b + -;; = 13. 

Find the minimum and maximum values of the expression 

(Pham Kim Hung) 

SOLUTION. Denote 

X= L~; y= L~ j m= L~: ; n= L~; 
eye eye eye eye 

• 
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We have x+y = 10 and 

b3 

y3=3(m+n)-+6-+ La3 
eye 

The identities above yield that 

We also have 

L a3 L b
3 

(3 3 3) ( 1 1 1 ) mn=3-+ -+ -= a -+b +c --+--+-
b3 a3 a3 b3 c3 

eye eye 

and 

(a b c) (b c a) xy= -+--+- -+-+- =3-+m-+n 
b c a abc 

thus we infer that 

103 
- 30( 3 -+ m -+ n) = mn -+ 6(m + n) -+ 9 

~ 103 
- 99 = mn -+ 36(m -+ n) 

so m, n are two positive roots of the quadratic 

f(t) = t 2 
- (xy - 3)t -+ (1009 - 36xy). 

Letting now r = xy, we can determine 

2in = (xy - 3) ± V(xy - 3)2 - 4(1009 - 36xy) 

215 

Consider the function g(r) = r - 3 - vr2 -+ 138r - 4027 for 0 ~ r ~ 25 Notice that 

, 1 2r -+ 138 
9 (r) - < 0 

- - 2Jr2 -+ 138r - 4027 

so we conclude 11-2V3 ~ m ~ 11-+2J3, with equality for x-y = (a-b)(b-c)(c-a) = 

o. The minimum of m is 11-2V3, attained for a = b = (2 -+ J3) c up to permutation. 

The maximum of m is 11 -+ 2V3, attained for a = b = (2 - J3) c up to permutation. 

Problem 76. Prove that for all positive real numbers a, b, c, d, e, 

a-+b b+c c-+d d-+e e+a a-+b-+c b-+c-+d c-+d-+e d-+e-+a e-+a-+b -_._-.-_. __ ._- < . . . . . 
22222- 3 3 3 3 3 
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SOLUTION. We will first prove that for all a, b > 0 and a -I- b ~ 1 

Indeed, this result can be rewritten in the following form 

1 1 1 4 4 -----> ---
ab a b - (a + b) 2 a + b 

{:} (a - b)2 > (a - b)2 
ab(a + b)2 - ab(a + b) 

1 4 1 1 4 
{:} -- >-+----

ab (a + b) 2 - a b a + b 

{:} (a-b)2(I-a-b) ~ o. 

Return now to the original problem. We may assume that a + b + c + d + e = 1, then 

II (a + b) < II (a + b + c) {:} II (a + b + c) > 35 
{:} II (_1 _ 1) > 35

• 
2 - 3 d + e - 25 a + b - 25 

eye eye eye eye 

According to (*), we deduce that 

( 1 ) (1 ) ( 2. )2 (2 )2 ---1 ---1 > -1 = ---1 
d+e a+b - d+e+a+b l-c 

This resul t shows that 

( 1 ) (2 ) ( 1 + c) ---1 > ---1 = --. II a+b -II l-c II l-c 
eye eye eye 

The function f(x) = In(1 + x) -In(1 - x) is convex because its second derivative is 

f"(x) = (1 ~~)2 + (1 ~ x)2 ~ 0, therefore Jensen inequality claims that 

(1) (3) II (1 + c) 35 

2: f (a) ~ 5 f 5 = 5In 2:::} 1 _ c ~ 25. 
eye eye 

\Ve are done and the equality holds for a = b = c = d = e. 

Comment. By the same method, we can prove the following general result 

* Let al,a2, ... ,a2n+l be positive real numbers. For each k E {1,2, ... ,2n+ I}, we 

define numbers Sk, Pk as follow 

P, _ ak+1 + ak+2 + ... + ak+n+l 
k - n+1 

with ak+2n+l = ak· Prove that 
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Problem 77. Let a, b, c be non-negative real numbers. Prove that 

a4 b4 c4 a + b + c 
a3 + b3 + b3 + c3 + c3 + a3 ~ 2 . 

SOLUTION. Notice that 

2a
4 

_ a _ 3(a - b) = (a _ b) (a(a
2 + ab + b2

) _ ~) = 2b
2 + ab - b

2 
(a _ b)2. 

a 3 + b3 2 a 3 -I- b3 2 3(a3 + b3 ) 

Therefore the inequality can be transformed to 

in which the coefficients Sa, Sb, Se are 

3c2 + bc - b2 . S _ 3a2 + ca - c? 
Sa = b3 + c3 ' b - c3 + a 3 

The first case. If a ~ b 2: c, then clearly Sb ~ 0 and 

co 2S 3a2 + ca - c2 2(3b2 + ab - a2) 3a2 2a2 
.:Jb + e = + > > O. 

c3 + a 3 a 3 + b3 - c3 + a 3 a 3 + b3 -

• 
2 2 a2(3a2 + ca - c?) 2b2(3c2 + bc - b2) 3a4 2b4 

a Sb + 2b Sa = c3 + a3 + b3 + c3 ~ c3 + a3 C3 + b3 > O. 

So we conclude that 

2LSa(b-c)2 ~(Sb+2Se)(a-b)2+(b-c)2 (2Sa+ ~Sb) ~O. 
eye 

The second case. If c ~ b ~ a, then clearly Sa, Se ~ 0 and 

S 2S = 3c2 + bc - b2 2(3a2 + ca - c2) > 3c? + bc _ 2c2 > 0 
a+ b b3 c3 + 3 3 - b3 c3 3 C3 - . , + . . c +a + . .a +. 

S '25: _ ::3 1J2 -+ ,ae- ,1!],2 :2(g~;2 + ,m _,(2) S~2 ~2 
r. #- .. Ib - . €/,l + 'b3 tr ,cs + as ? :1!1,2. + ''fiJ' - ;CS + ,as> 11!l. 

We (ltllndmde tlha.t 

,2 :E s'o. (~- c,J1! ~ :($.a + :2$~~:Cb ·- 1~):2 + (2ti,'b + .se~ :(a - 1~)'2 ~ O. 
:<lyr. 

The p11(j}of is finished :aJlil!ll ldhe leq1ll.ahty hollths lfur ,I!], ::::: 'b = c. 

'V 

:Pll':dlllem ffl. oLet iL, 'b"c ,'be rpo,s~ti.we TTe;aZnv.m:~lbers..lJDr()f/)e ,th:Cli 
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(Le Trung Kien) 

SOLUTION. Let x 2 = a, y2 = band z2 = c. The inequality becomes 

x 3 y3 z3 > X + y + z 

Jx4 +x2y2+ y4 + J y4+ y2z2+ z 4 + vz4 +Z2X2 +X4 - J3 . 

Squaring both sides, we obtain an equivalent form 

L x4 + x~:2 + y4+ L J(x4 + x 2y2 +2::~(:4 + y2 z 2 + z4) ~ ~ (Lx2 + 2 LXY) . 
~e ~e ~e e~ 

6 6 
Notice that L 4 X -;; 4 = 0, so the above inequality can be transformed to 

eye X + X Y + y 

~ > - ~ X + y + 4xy - --;--'----~--:;-6X3y3 1 (2 2 3(x6 +y6) ) 

~ J(x4 + x2y2 + y4)(y4 + y2z 2 + z4) - 2 ~ x4 + x 2y2 + y4 

6x 3y 3 6x3y3 _ (x _ y)4(x + y)2 

¢:} ~ J(x4 + x 2y2 + y4)(y4 + y2 z 2 + z4) ~ ~ X4 + x2y2 + y4 

Then, the following sequences 

( 
x3y3 y3 z 3 Z3 X3) 

Jx4 + x 2y2 + y4' J y4 + y2 z 2 + Z4' vz4 + z2x2 + x4 ' 

( .Ix' + :,y, + y" Jy' + :' z, + z, ' J z' + z~x' + x' ) . 

are monotone in the opposite order, so Rearrangement inequality shows that 

x 3y3 X3y 3 

~ J(x4 + x2,y2 + y4)(y4 + y2 z 2 + z4) ~ ,?;. x4 + x 2y2 + y4' 

This mulls IOle p!t:0(i)[ .EJClJ.ID:tJlliHy hdJlds [ox la= ,'b ,= ,t: 

:Plr'dBleJill 1:9. iLflt 'U,'b,lc&e 11t11J11-megct.tirve rre'fLZ nrwmbe7's with \Sum 2. J)rc~x/.le ,t1mt 

,a.~) ~c 00, 
--,.., ' 11- + -< [. 
,Il. + C" II -tf- til:;' [l + ,62 

$GLU!IiI(~N. We deIilIDtex = ,ab *. k + ,m ;and i'P = ,abc. ~ccol1dlrng 1tJ(D the ~dentiJties 

A = l~a-lb)2:~b- ,c)QI(C- , jfl)2 = 4u:2(.1- :u:) * 4:(l9x·-:B~p-:2~p2" 

B= :E a!2:(a.- Ib)i~a - ,~ = ItZP + 1iJj(1l - :x~:(4 ~ XI), 
qyr; 
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we can rewrite our inequality as 

(1·- x)(5 - 2x + x 2) + (6x - 2)p - 2p2 ~ 0 

5 2 
{::> 6A + 2"(1 + 9x)B + (1 - x) (365 - 147x) 2: 0, 

which is obvious because x < ~. The equality holds for a = b = c. -3 
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Problem 80. Suppose that aI, a2, ... , an are non-negative real numbers which add up 

to n. Find the minimum of the expression 

(Pham Kim Hung) 

SOLUTION. Consider the following function 

Surprisingly, these exceptional identities will help 

Therefore at least one of the following inequalities must be true 

(
a l + a2 al + a2 ) 

F2:f(0,al,a2, ... ,an ) (*) ; F>f 2' 2 ,a3,···,an (**) 

WLOG, we may assume al ~ a2 > ... ~ an. Consider the transformation 

If ( II ak) (L: ~) < 2 then F decreases after each of these transformations, 
ki=i,j ki=i,j ak 

If we have ail ai2 ... ain _2 (~ + ~ + .,. + _1_) < 2 after such transformations 
ail ai2 ain _2 

• 
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for every {il,i2, ... ,in -2} C {1,2, ... ,n}, (**) claim.c; that the minimum of F is only 

attained for n equal variables. In this case, we have minF = 2n. 

Otherwise, there exists a certain transformation for which 

According to (*), F only attains its minimum if the smallest element of the set 

{al,a2, ... ,an} is equal to O. In this case, we obtain 

By the same approach, we can conclude that at least one of the following inequalities 

will hold 

and using the same reasoning for the function g, we deduce that g(al, a2, ... , an) attains 

its minimum if and only if all numbers of the set {al. a2, ... , an- d are equal together 

or n - 2 numbers are equal and another is equal to O. This fact claims that 

minF = min 2n, _n_, _n_ + _n_ . ( 2 2 ( )n-l) 
n-2 n-1 n-1 

Comment. The following result can be deduced as a part of the solution above 

* Let al,a2,,,.,an be rwn-negative real numbers with sume n. FOT all k E R, 

Problem 81. Let x, y, z be positive real numbers satisfying 2xyz = 3x2 + 4y2 + 5z2. 

Find the minimum of the expression P = 3x + 2y + z. 

(Pham Kim Hung) 

SOLUTION. Let a = 3x, b = 2y, z = c We then obtain 

a + b + c = 3x + 2y + z , a2 + 3b2 + 152 = abc. 

According to the weighted AM-G M inequality, we have that 
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Multiplying the results above, we obtain 

(a + b + c)(a2 + 3b2 + 15c2
) 2: 36abc => a + b + c 2: 36. 

So the minimum of 3x + 2y + z is 36, attained for x = y = z = 6. 

Comment. 1. Let's consider the following general result 
• 

* Let a, b, c, x, y, z be positive real numbers verifying ax2 + by2 + cz2 = xyz. 

a. Prove that there exists exactly one positive real number k for which 

1 1 1 1 
-2../k-k = ../k + ..jk + a + ../k + ..; k + b + -../k=-k -+-.jk.---:k=+=c . 

b. With this value of k, prove that 

(../k + Jk+a) (../k + Jk+b) (../k + JkTc) 
x+y+z2: ../k 

SOLUTION. Part (a) is fairly simple. Consider the following function 

f(k) = ../k + ../k + ../k _ ~ . 
../k + Jk + a ../k + Jk + b ../k + Jk + c 2 

Since f(k) is an increasing function of k, and, f(O) = -1/2, lim l(k) = 1, the 
k-~oo 

continuity of f claims that the equation f(k) = 0 has exactly one positive root. 

'Ib prove (b), we let m,n,p,ml,nl,Pl be positive real numbers such that 

Tn + n + p = ; 1, amI + bnl + CjJl = 1. 

By t.he weighted AM-GM inequality, we have 

The results above combine to show that 

vVe will choose six numbers m, n, p, ml, nl, PI verifying the following conditions 

• m + 2aml = n + 2bnl = P + 2CjJl = 1. 
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x y z X 2 y2 Z2 
• - =-,-=-=-

m n P ml nl PI 
The second condition is equivalent to the existence of a real number 1 such that 

m 2 n2 p2 • 
- = - = - =8l. 
mi nl PI 

Replacing this relation into the first condition, we obtain 

a 2 b 2 C 2 
4l = m2 - m2, 4l = n 2 - n2, 4l = P2 - P2· 

1 1 1 S "_C h where m2 = -, n2 = -, P2 = -. 0 we Imer t at 
m n P 

1 1 1 20 20 20 
1=-+-+-= + +--=---== 

m2 n2 P2 0 + Jf+(.i 0 + Jf+b 0 + JT+C 
111 1 

:::::}-= + + . 
20 0 + Jf+(.i 0 + Jf+b 0 + JT+C 

According to the definition of k, we must have 1 = k. Therefore, we conclude 

x + y + Z 2: m-mn-np-PmlamlnlbnlplcPl = ~~p = 8lm2n 2P2 

= ~ (VIc + Vk + a) (VIc + Vk + b) (VIc + Vk + ~) " 

with equality for 
x y Z mnp 
m = ;;: = p = am2 + bn2 + cp2 . 

2. This problem can be presented in another form as follows 

* Let a, b, c, x, y, z be positive real numbers verifying ax2 + by2 + cz2 = xyz. 

a. Prove that there exists exactly one positive number 'P such that 

2 2 2 
:--:---;~= + + = 1 1 + VI + 'Pa 1 + VI + 'Pb 1 + VI + 'Pc . 

b. With this value oj 'P, prove that 

> (1 + VI + a.'P )(1 + VI + 'Pb)(1 + VI + 'Pc) 
x+y+z_ . 

'P 

3. Although it can't be denied that this general problem is helpful in creating par-

ticular inequalities (for particular values of a, b, c), we agree that the initial problem, 

created accidentally, not based on the general problem, is the most impressive (it has 

interesting coefficients 2,3,4,5,3,2,1 and t.he expression attains its minimum when 

all variables a, b, c are equal to 6). 

v 
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Problem 82. Let a, b, e be non-negative real numbers. Prove that 

1 +- I +- 1 > 2V2 
Ja2 +- be Jb2 + ea Je2 +-ab - Jab+- be+- ca' 

(Pham Kim Hung) 

SOLUTION. First we may assume that a ~ b ~ e. Notice that 

1 +- 1 > 2V2 
Jb2 +- ca J c2 +- ab - Jb2 +- e2 +- ab +- ae' 

so it suffices to prove that 

1 2V2 2V2 
---;=:;<=~ -I- > . 
J a 2 +- be Jb2 + c2 +- ab +- ae - Jab +- be +- ea 

Let M = ab +- be +- ea and N = b2 +- e2 +- ab +- ae, then 

2J2 2J2 2J2(b2 
- be +- e2

) 

VM - m = JMN (VM +-../N)" 

Clearly, N ~ IYI; N ~ 2(b2 - be +- e2
) and !VI = ab +- be + ca ~ bJa2 +- be, so 

2V2(b2 
- be +- ~) < 2V2(b2 

- be +- e2
) = V2(b2 

- be +- e2
) 

JMN (VM +- ../N) - J!VIN· 2VM !VIm 

V2(b2 - be +- e2 ) Jb2 - be +- e2 1 < = < --;:::::;;:== 
- bJa2 +- be· J2(b2 - be +- e2 ) bJa2 +- be - Ja2 +- be 

So we are dwone. There is no case of equality. 

Problem 83. Let a, b, e, d be positive real numbers with sum 4. Prove that 

1 I 1 1 ---+- +- +- <1. 
5 - abe 5 - bed 5 - eda 5 - abe -

(Vasile Cirtoaje) 

SOLUTION. Let x = abe, y = bed, z.= cda, t = dab. We need to prove that 

,,_1_ < 1 ~ ""' I-x> 0 {:} ""' (1-x)(x+-2) > O. 
~ 5 - x - ~ 5 - x - ~ (5 - x)(x +- 2) -
eye eye eye 

64 
By AM-GM inequality it's easy to see that x+- y = be(a +- d) ~ 27 < 3. So if x ~ y 

then (1 - x)(2 +- x) ~ (1 - y)(2 +- y) and (5 - x)(2 +- x) ~ (5 - y)(2 +- y). According 

to Chebyshev inequality, we obtain 

""' (1 - x)(x + 2) (" ) (""' I ) 4~(5-x)(x+-2) ~ ~(1-x)(2+-x) ~(5-x)(2+-x)' 
eye eye eye 
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It remains to prove that 

eye eye eye 

First Solution. We let p = a + b,q = ab, r = c + d and 8 = cd, then p + r = 4 and 

we need to prove that 

Denote 

Since f(q) is a convex function of q, we deduce that 

f(q) ~ max {f(O), f (~)}. 
Similarly, if we consider A as a function of 8, or A = g(8), we obtain 

g(8) < max {g(O),g (:2)}. 
These two results combined show that A is maximum if and only if one of the numbers 

a, b, c, d equals 0 (case (1)) or a = b, c = d (case (2)). Case (1) can be proved easily. 

In case (2), the inp-quality becomes 

Let /3 = ac, then /3 ~ 1 and 

This ends the proof. Equality holds for a = b = c = d = 1. 

a+c a-c 
Second Solution. WLOG, suppose that a > b > c > d. Let m = --, u = --- - - 2 2 
and t = m 2,v = u2 then we get 

f(a,b,c,d) = Labc+ La2b2~ = g(v) 
eye eye 

where 

Since t - v = ac ~ bd, we deduce that • 
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which implies f(a, b, c, d) < f(.;ac, b,.;ac, d). Now we repeat the procedure for the 

first two variables (VaC, b) and then again for the first and the third. Repeating these 

procedures, and taking the limit, we conclude 

f(a,b,c,d) =:; f(a,a,a,4 - 3a), 

for a certain a E [0, ~] . The inequality f( a, a, a, 4 - 3a) ::; 8 is equivalent to 

¢::> (a - 1)2(7a4 - 4a3 - 3a2 - 4a - 2) ::; 0, 

which is obvious because a E [o,~] (and therefore 7a4 - 4a3 - 3a2 - 4a - 2 <0). 

The proof is finished and the equality occurs if a = b = c = d = 1. 

Comment. By induction, we can prove the following result 

* Suppose that n is a not'ural number greater than 3 and aI, a2, ... , an are non

negative real numbers with sum n. For each number k E {I, 2, ... , n} we denote 

bk = ala2 ... ak-lak+l ... an' Prove that 

1 1. 1 ----+ + ... + <l. 
n + 1 - b1 n + 1 - b2 n + 1 - bn -

To prove it, we use induction for the following general inequality 

1 1 1 n 
k - b

1 
+ k - b2 + ... + k - bn ::; k - 1 ' 

where k is a real number and k > n + 1. Notice that the most difficult step in 

solving this general problem is the proof of the case n = 4. For n = 4, the proof of 

L k _1 b ::; k ~ 1 (k ~ 5) can be obtained similarly to the case k = 5. 
eye a c 

Problem 84. Let a, b, c be three arbitrary real numbers. Prove that 

1 1 1 > 11 
(2a - b)2 + (2b - c)2 + (2c - a)2 - 7(a2 + b2 + c2)' 

(Pham Kim Hung) 

SOLUTION. Denote x = 2a - b, y = 2b - c, z = 2c - a. We get 

a = 4x + 2y + z, b = 4y + 2z + x, c = 4z + 2x + y , 
777 



226 Chapter 9. Problems and Solutions -

2 b2 2 2(x +- y +- Z)2 +- X 2 +- y2 +- Z2 
=>a +- +-c = 7 . 

It remains to prove that for all x, y, Z E R 

1 1 1 11 
-+--+--> . 
x2 y2 z2 - 2( x +- y +- z)2 +- x2 +- y2 +- z2 

Certainly, we only need to consider the case x > y ~ 0 ~ z (and dismiss the case 

x, y, z ~ 0 or x, y, z :::; 0). In fact, we need to prove 

1 1 1 11 
J(x, y, z) = - +- - +- - - > 0 

x2 y2 z2 2(x +- y - z)2 +- x2 +- y2 +- z2 -

for all x, y, z > 0 (that means we have changed the sign of z). Consider two cases 

{i}. The first case. If z ~ x+- y, then it's easy to check that 

1 U(3z-x-y) x+-y+-z 
(J(x,y,z)-J(x,y,x+-y)) = M N - 2( -I- )2 z-x-y . z x · y 

where 

M = x2 +- y2 +- (x +- y)2 ; N = x 2 +- y2 +- z2 +- 2(z _ x _ y)2 ; 

Since 3z - x - y ~ x+- y +- z, 2(x +- y)2 ~ M and 5z2 ~ N, it follows that 

11 111 
J(x, y, z) ~ J(x, y, x+- y) = """2 +- 2" +- ( -I- )2 

x Y x · Y 2(x2 +- y2 +- (x +- y)2)' 

Notice that 

(2. +- ~ +- 1 ) (x2 +- y2 +- xy) _ 27 
x 2 y2 (x+-y)2 4 

x2 y2 X Y x2 +- xy +- y2 1 9 
=-+--+--+--+- -->0. 

y2 x 2 Y X (x +- y)2 4 -

Therefore J(x, y, x+- y) ~ 0 and we are done. 

{ii}. The second case. If x +- y ~ z, setting t = vxy we have 

2111 
J(x,y,z) ~ J(t,t,z) = t2 +- z2 - 2t2 +- z2 +- (2t _ z)2' 

1 
WLOG, assume that z = 1, then t :::; 2' After expanding, the problem becomes 

J(t) = 5t4 
- 4t3 +- 6t2 - 8t +- 3 ~ O. 

Since t :::; ~, J'(t) = 20t3 -12t2 +- 12t - 8 < (20t3 -10t2) +- (12t- 6) :::; 0 and therefore 

we can conclude that 

J(t) > J (~) = 0.3125 > O. 
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Comment. The best constant k for which the following inequality 

1 11k 
-:---~ + + > ------
(2a - b)2 (2b - c)2 (2c - a)2 - 7(a2 + b2 + c2) 

is true for all a, b, c E IR is k = min g(x) = 10x2 + 6
2 

- 16 - 8x + 23. 
O:S;x9/2 x x 

Afrer some calculations, we find this value to be approximately 11.6075. 

Problem 85. Let a, b, c be positive real numbers. Consider the following inequality 

ab be ea ~ak + IJk + ck - + - + - > 3 (*) 
cab - 3 

(a). Prove that (*) is true for k = 2. 

(b). Prove that (*) is not true for k = 3 but true for k = 3 and a, b, c such that 

(c). For which value of k is (*) true for all positive real numbers a, b, c? 

• (Pham Kim Hung) 

SOLUTION. (a). For k = 2, we can assume that L a2 = 3 without loss of generality. 
eye 

The inequality L ab ~ 3 is equivalent to 
eye C 

ab a2b2 b2 ~ 

( )

2 

""' - > 9 ¢:> "" - > 3 ¢:> ""' a
2 
(- + - - 2) > 0 ~c - L-t c2- ~ c2 b2 -, 

eye eye eye 

which is obvious. Equality holds for a = b = c. 

(b). If k = 3, we let a = b = 0.8 and c = V1.976. Then (*) is not true. Now, with the 

condition a3b3 + b3c3 + c3a3 ;::: abc(a3 + b3 + e3), (*) becomes true. Indeed, according 

to AM-GM inequality, with the supposition that L a3 = 3, we obtain 
eye 

=> abc (L a 3 + L ab(a + b)) ;::: 3abc (L ab) . 
eye eye eye 
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Because abc L a 3 $. L a3b3, we deduce that 
eye eye 

::} L a2 b2 ~ 3abe => L a: ~ 3. 
eye eye 

We are done. Equality holds for a = b = e. 

(c). Consider that a, b, e are positive real numbers verifying (normalization) 

ab be ea 
-+-+-=3. 
cab 

Let's find the maximum of the expression 

ab be ca 
Let x = -,y = -,z = -b ' then x + y + z = 3 and S = L(xy)k/2. From a known 

e a eye 

result (see one of the previous problems) 

S $. max { 3, ~: } . 

It's easy to conclude that (*) is true for all positive real numbers a,b,~ if and only if 

k $. In31~3ln2 ~ 2.709511. .. < 3 (including case k < 0 of course). 

Problem 86. Let a, b, e be non-negative real numbers. Prove that 

1 1 1 4 
--;::::::::;::::::::=::;= + + > . 
J 4a 2 + be J 4b2 + ca J 4c2 + ab - a + b + e 

(Pham Kim Hung) 

SOLUTION. First Solution. We denote 

1 
S = L ; P = ~(b+e)3(4a2 + be). 

J4a2+be 6 
eye eye 

According to Holder inequality, we deduce that 
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So it's enough to prove that (a +- b + c)5 ~ 2P. Since 

eye eye eye 

eye eye eye eye eye 

the inequality (a +- b +- c)5 ~ 2P is equivalent to (after reducing similar terms) 

eye eye eye eye eye 

This last inequality can be deduced from the following results 

18abc L a2 ~ 18abc Lab, 
eye eye 

eye eye eye 

eye eye 

We are done. The equality holds for a = b, c = 0 or permutations. 

Second Solution. Suppose that a ~ b ~ c. Denote t = a ; b ~ c, then the inequality 

(4a2 + bc)(4b2 +- ca) ::; (4t2 +- tc)2 

is equivalent to 

(a - b)2 (~c2 +- a2 +- b2 +- 6ab - 3ea - 3cb ) > 0, 

which is clearly true because a ~ b ~ c. We deduce that 

1 1 1 2 1 
-r.~~+- +- > + . 
J4a2 +- bc J4b2 +- ca J4c2 + ab - J4t2 + tc J4c2 + t2 

It remains to prove that 

2 1 4 4 
-yt=4=;;:t2=+=t=c +- J 4c2 + t2 ~ a +- b + c = -2t-·-+--c 

¢} (J 4t; +- tc - ~) + (J 4C; +- t2 - ~) ~ 2t ~ c - ~ 
-c -4c2 -2c 

¢} +- > --:-::-~ 
J4t2 +- tc(2t +- J2t2 +- tc) tJ4c2 +- t2(t +- J4c2 +- t2) - t(2t +- c) 

2 1 
¢} 

t(2t +- c) J 4t2 + tc(2t +- J2t2 +- tc) 

• 
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Notice that 
1 > 1 (*) 

3t(2t + e) - J4t2 + te(2t + J2t2 + te) 

¢:} 9t2(2t + e)2 ::; (4t2 + te)(2t + -J 4t2 + tC)2 

¢:} t2 + 6tc + 2e2 ::; 2t-J 4t2 -+ te + e-J 4t2 + te, 

which is obvious because t ;::: e. We will now prove that 

5 4e 

3t(2t + c) ;::: tJ4e2 + t 2 (t + J4e2 + t 2) (**) 

¢:} 5-J 4e2 + t 2(t + -J 4t2 + e2) ;::: 12e(2t + e). 

According to Cauchy-Schwarz inequality, we deduce that -J5(4c2 + t 2 ) ;::: 4e+t and 

similarly, -J5(4t2 + e2 ) ;::: 4t + c. So it's enough to prove that 

(4e + t)(4e + (J5 + l)t) ;::: 12e(2t + e) 

¢:} (J5+1)t2 +(16-4V5)te+4e2 ~O. 

which is obvious. Combining the results (*) and (**) we get the desired result. 

Problem 87. Let a, b, e be non-negative real numbers. Prove that 

J 4a2 + ~~ + 4c2 + J 4b2 +!~ + 4a2 + J 4e2 + ~ + 4b2 ::; 1. 

• (Pham Kim Hung) 

SOLUTION. WLOG, suppose that a2+b2+e2 = 3. By the weighted Jensen inequality, 

we deduce that 

272 " ab 

< ~ 27ab 
L....J (4a2 + b2 + 4e2)(a2 + 4b2 + 4e2) -
eye 

~ 3ab 
L....J (4 -a2 )(4 -b2 )" 
eye 

It remains to prove that 

eye eye 
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eye eye eye eye 

Because 3abe 2: a = abc (2: a) (2: a2) 2: 9a2b2c2, we only need to prove that 
eye eye eye 

eye eye eye eye 

( 
3e

2
) 

¢:? L 2a2 -:2b2 + 2 - 5ab (a - b)2 2: o. 
eye 

Suppose that a 2: b 2: e, then we are done by Abel's inequality because 2b2 + 2c2 + 
3a2 

- -5be> 0 and 2 -

b+e b+e 
( )

2 ( ) 2: 4a2 +9 ~ -lOa -2- 2: O. 

V 

Problem 88. Suppose that n is a positive integer and (Xli X2, •. , xn); (Yll Y2, ••. , Yn) 

are two positive real sequence.<;. Let (Z2, Z3 • •.. , Z2n) be a positive sequence satisfying 

Denote M = max { Z2, ... , Z2n}. Prove the following inequality 

(IMO Shortlist 2003) 

SOLUTION. Let X = max{xI, X2 • ... , xu} and Y = max{yI, Y2, ... , Yn}. WLOG, we can 

assume that X = Y = 1 (otherwise, replace Xi with xd X, Yi with ydY and Zi with 

Zi/JXY). According to AM-GM inequality, the following result is stronger 

M + Z2 + ... + Z2n 2: Xl + X2 + ... + Xn + YI + Y2 + ... + Yn (*) 

Let r be a certain real numbers. We will prove that the number of terms of the right

hand expression of (*) which are bigger than r is not bigger than the number of terms 

on the left-hand expression of (*) which are bigger than r. In fact, this clause is clearly 



232 Chapter 9. Problems and Solutions -

true if r > 1 (because there are no terms on the· right-hand expression of (*) bigger 

than r). Consider now the case r < 1. We denote 

A = {i EN, 1 ~ i ~ n I Xi > r}, 

B = {i E N, 1 ~ i ~ n I Yi > r}, 

then certainly IAI, IBI 2:: 1. Suppose that A = {ilo i2, ... , in} and B = {iloi2, ... ,ib} 
with i l < i2 < ... < in and il < h < ... < ib' There are at least a + b - 1 terms of the 

sequence (Z2' Z3, .•• , Z2n) which are bigger than r as: 

On the other hand, notice that a + b - 1 2:: 1, so at least one number Zi is bigger 

than r, so /1,1 > r. This implies that there are at least a + b terms on the left-hand 

expression of (*) bigger than r. 

From this property, we conclude that for every natural number k (1 ~ k ~ 2n), 

the kth-greatest number of the left-hand expression of (*) is not smaller than the 

kth-greatest number of the right-hand expression of (*). So, obviously, the sum of 

all terms of the left hand expression of (*) is not smaller than that of the right-hand 

expression of (*) . The problem is completely solved. 

Problem 89. (a). Let a, b, c be three real numbers. Prove that 

(b) . Let a, b, c be three real numbers and a2 + b2 + c2 + ab + be + ca = 6. Prove that 

(c). Find the best (greatest) constant k such the the following inequality holds for all 

Tf..a/, numbers a, b, c 

(Vasile Cirtoaje and Pham Kim Hung) 

SOLUTION. For all real numbers a, b, c, we have that 
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After expanding, this inequality becomes 

eye eye eye eye eye 

(a). Let k = 1. We obtain 

(b). Let k = 2, we obtain 

( 'La
2
) 

2 

+ 'La
2
b
2

+ 'L ab3 ~4'La3b+2abc'La 
eye eye eye eye eye 

¢:} ('La2 + Lab)2 ~ 6'La3b+ 6abe La. 
eye eye eye eye 

If a2 + b2 + c2 + ab + be + c.a = 6 then a3b + b3e + e3a + abe(a + b + e) S; 6. 

(e) . We havE' 

«(a - b)2 + 2e(a - e))2 + «(b - e)2 + 2a(b - a))2 + «(e - a)2 + 2b(e - b))2 ~ O. 

After expanding, this inequality becomes 

eye eye eye eye 

So the best constant k (greatest) that we are looking for is k = 1/3. 
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Comment. In all these results, there is a special case of equality different from the 

trivial case a = b = e. For example, in part (a), the equality holds for 

a = 2eos20 + 1 ~ 2.88, b = 2 cos 40 ~ 1.532, e = -1. 

• 

Problem 90. Let a, b, e, d be non-negative real numbers verifying a + b + e + d = 4. 

Prove that for all positive integers k, n greater than 2 

(Pham Kim Hung) 
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SOLUTION. Notice that for all n > 2, we have 

(
k+a

n
)2> (k+a

2
)n 

k+1 - k+1 

This inequality can be proved easily by AM-GM inequality or Holder inequality. 

According to this result, we get 

IT (k+an)2 > IT (k+a
2 )n 

k+I - k+I 
eye eye 

Therefore it's enough to prove the inequality for n = 2. Suppose that this inequality 

is true for k = 2, then it will be true for all k ~ 2 because H()lder inequality claims 

that 

IT(k+a2) = IT ((k-2)+(2+a2
)) ~ ((k-2)+ 4 IT(2+a2 ))

4 

~ (k+ 1)4. 
eye eye eye 

So it suffices to prove the inequality in the case k= n = 2, namely 

First Solution. (symmetric separation) The inequality is equivalent to 

L In(2 + a2
) ~ 41n3. 

eye 

Consider the following function 

2x 2 
f(x) = In(2 + x2

) - In 3 - - + -3 3' 

Its derivative is 
, 2x 2 2 

f (x) = 2 + x 2 - 3' = 3(x - 1)(2 - x). 

So f(x) is decreasing on [0, I] and [2, +00], increasing on [1,2]' therefore 

min f(x) = min{f(I), f(t)} Vt E [0,4] (*) 
O~x~t 

From (*), we deduce that for alll ::; x ::; 2.5, f(x) ~ f(I) = O. If all numbers a, b, c, d 

are smaller than 2.5 then we are done because 

L f(a) ::; a ¢:? L In(2 + x2
) ::; /2; - ~ + In3) = 4ln 3. 

elle eye \.. 

Otherwise, suppose that a ~ 2.5. Let t = ~ (b + c + d) then clearly 

IT (2 + a2
) ~ 16 + 8 L 0.

2 + 4a2(b2 + c2 + d2) ~ 16 + 8a2 + 24t2 + 12a2 t2
• 

eye eye 
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It remains to prove that for all t S 0.5 

g(t) = 8(4 - 3t)2 + 24t2 + 12t2(4 - 3a)2 2: 65. 

Since 4 - 3t 2: 2.5 and t( 4 - 3t)2 < 4 

g'(t) = -48(4-3t)+48t+24t(4-3t)2_72t2 (4-3t) s -48·(2.5)2+48·(0.5)+24·4 < 0, 

and we can conclude that 

g(t) 2: g(0.5) = 74.75 > 65. 

The proof is completed and equality holds for a = b = c = d = 1. 

Second Solution. Notice that if a + b S 2 then 

Indeed, this is equivalent to 

which is obvious because a + b S 2. Now suppose that d 2: c 2: b 2: a and 

eye 

(
a+ c a +c). . Because c + a S 2, so F(a, b, c, d) 2: F -2-' b, -2-' d . As m the second solutIOn 

of problem 83, 

a+b+c 
F(a,b,c,d)2:F(x,x,x,4-3x), X= 3 . 

It remains to prove that (2 + X2)3 (2 + (4 - 3x)2) 2: 81, or f(x) 2: 4ln3 where 

It's easy to check that 

f(x) = 31n(2 + x2) + In (2 + (4 - 3x)2) . 

f'(x) = 6x 
2+x2 

6(4 - 3x) 
2+(4-3x)2 

and f'(x) = 0 if and only if 

( 
~8 ') (x- 1) I 4. '-, r ' 1:=: O. 

, .~(4-Lh), 
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If x =F 1, we must have x(4 - 3x) = 2. However, AM-GM inequality shows that 

3x(4 - 3x) ::; 4, or x(4 - 3x) ::; 4/3 < 2. So the equation f'(x) = 0 has exactly one 

positive real root x = 1. Therefore we conclude that 

max f(x) = f(l) = 4ln 3. 
0$x$1 

Comment. By a similar method as in the second solution, we can propose and solve 

a general problem as follows 

* Let a, b, c, d be non-negative real numbers tvith sum 4. For all k ~ 1, prove that 

(k + a2 )(k + b2 )(k + c2 )(k + d2
) ~ min {(k + 1)4; (k + a?)3 (k + (4 - 3ai)} , 

4 2 - J4 - 3k 
where Q is determined in the case k ::; '3 as Q = 3 . 

To prove this, just notice that if k > 1 and a + b ::; 2 then 

By choosing particular cases k's, we can obtain interesting results as follows 

(I + a')(l + b')(1 + c')(1 + d') ~ 10 (I + D 3 

( 216) 
(4 + 3a2 )(4 + 3b2 )(4 + 3c2 )(4 + 3d2

) ~ min 74
, 3

3 
= 74 = 2401. 

\7 

Problem 91. Let a, b, c be positive real numbers such that a2 + b2 + c2 = 3. Prove 

that 

SOLUTION. By Cauchy-Schwarz inequality, we have 

It remains to ,prove that ~f ,n: +:y + .z = ,3 then 
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Notice that 

Let s = xy + yz + zx then 3abc ;::: 4s - 9 by Schur inequaHty. Moreover 

eye eye 

Taking into account problem 52, we have 

3 Lx3y::; (x2 + y2 + z2)2 = (9 - 2s)2. 
eye 

We deduce that 

::; s ((9 - 2s)2 + 3s2 - 9abc) ::; s ((9 - 2s)2 + 382 
- 3(4s - 9)) . 

I t suffices to prove that 

8 ((9 - 2s)2 + 3s2 - 3(4s - 9)) ::; 81 {::} (s - 3)(7s2 - 278 + 27) ::; 0, 

which is obvious because s ::; 3. We are done and the equality holds for a = b = c. 

Comment. According to this result, we can easily obtain that (due to the Cauchy 

reverse) 

* Given positive real numbers with sum 3. Prove that 

a b c 3 
1 + b3 + 1 + c3 + 1 + a 3 ;::: "2. 

Problem 92. Let a, b, c be arbitrary positive re.al numbers. Prove that 

( 
b2)2 ( 2)2 ( a

2
)2 12(a

3 + b3 + c3
) a+- + b+- + c+- > . 

cab - a+b+c 

(Pham Kim Hung) 
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SOLUTION. The inequality is equivalent to 

Using the following identities 

the inequality can be rewritten as 

"'(b _ C)2 ((1 + ~) 2 _ 1 _ 4(b + c) + 2a) ~ 0 
~ c a+b+c c 
eye 

or Sa(b - c)2 + Sb(C - a)2 + Se(a - b)2 ~ 0 where 

S 
_ b2 4a 2(a + b) 

a - -2 + + -4, 
c a+b+c c 

S c2 4b 2(b + c) 
b= a2 + a+b+c + a -4, 

S 
_ a2 _ 4c 2(a + c) _ 

e - b2 --+ b + b 4. a+ +c 

(i). The first case. C ~ b ~ a . Clearly, Sb ~ 0 and 

Sa + Sb = c2 + b2 + 4(a + b) + 2(0 + c) + 2(a + b) _ 8 
a2 c2 a + b + c a c 

(
c
2 

b
2 

) (2C 2a ) (2b ) > - + - - 4 + - + - - 4 + - - 2 ~ o. 
~ ~ a c a 

Similarly, we have that 

Se+Sb = c2 + a2 + 4(b+c) + 2(b+c) + 2(a+c)_8 
a2 b2 a + b + cab 

( 
c2 a 

2 
) (2b 2a ) (2C ) > a2 + b2 - 2 + -; + b - 4 + -; - 2 ~ o. 

So the desired result follows because 

• 
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(ii). The second case. a 2: b 2: c. Clearly, Sa 2: 1, Se 2: -1 + a + ~ + c and 

S 28 _ 2C2 b2 8b+4a 4(b+c) 2(a+b)_ 
a + b - 2 + 2 + + b + + + 12 a c a c a c 

( 
8b + 4a ) (2b 2a ) (2C 2a ) > - 4 + - + - - 4 + - + - - 4 2: O. 

a + b+ c a c a c 

If 2b 2: a + c then we have 

S S 5
, 4c2 b2 16b+4a-t-4c 8(b+c) 2(a+b) 

a + 4 b + e 2: -2 +"2 + b + + - 21 
a c a+ +c a c 
4c2 b2 8(b+c) 2(a+b) 3 

>-+-+ + -1 
- a 2 c2 a c 

4c2 16c 2a . ~ 
> - + - + - -10> 2v32 -10> O. - a2 a c - -

Consider the cases 

" a + c :S 2b, certainly 2(b - c) 2: a - c If Sb 2: 0 we are done immediately. 

Otherwist', duppose that Sb :S 0, t.hen 

" a + c 2: 2b, we will prove Se + 2Sb 2: 0, or 

( ) 
__ . 2c2 a2 8b + 4c 4(b + c) 2(a + c) _ 12 0 

9 c- a2 + b2 + a + b + c + a + b > . 

Just notice that g(c) is an increasing function of c 2: 0 and c 2: 2b - a, therefore 

(.) If a 2: 2b, we have that 

a2 8b 4b 2a 
g( c) 2: g(O) = - + -- + - + - - 12 

b2 a + b a b 

= (a -I-- b + ~ _ 6) + (~+ 4b _ 4) + (a 2 
_ 4) + (! __ b_) + ~ > 0_ 

b a + b b a b2 3 a + b 3 -

(.) If a :S 2b, it's easy to infer that 

8b2 a2 4b 4a 14 
g(c) 2: g(2b - a) = a 2 + b2 + --; - 3b - 3" 2: O. 

We obtain the conclusion because 
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Problem 93. Suppose that n is an integer greater than 2 and al,a2, ... ,an are n real 

numbers. Prove that/or any non-empty subset S of {1,2, ... ,n}, we have 

(Gabriel Dospinescu) 

SOLUTION. We will first prove the following lemma 

Lemma. For all real numbers Xl, X2, ... , X2k+1 

( L a2i+l) 2 < L (Il; + ... + aj)' (*) 
O$i$k l$i.'5j$2k+l 

PROOF. Let 8i = Xl + X2 + ... + Xi 'Vi E {1,2, ... , k}, then 

L a2i+1 = Sl + 83 - S2 + 85 - 84 + ... + S2k+l - 82k. 

O.'5i.'5k 

The left-hand expression of (*) can be rewritten to 

2k+l 

L s; - 2 L S2i8 2j+l + 2 L 82i 82j + 2 L 82i+l S2j+1 + 2, 
i=l i,j i<j. i<j 

and the right-hand expression of (*) is 

2k+l 

L(Si - Sj)2 = (2k + 1) L 8; - 2 L SiSj' 
i<j i=l 

After reducing similar terms on both sides, we have the following equivalent inequality 

2k+l 

2k L s; ~ 4 L S2i S2j + 4 L 82i+1 8 2j+l, 

i=l i<j i<j 

l$i<j.'5k l$i<j~k l$i<j.'5k 

which is obvious. The lemma is completely solved. 

Returning to our original problem, we have to prove it for an arbitrary set S C 

{1,2, ... , n}. Obviously, if S has no separated elements (S = {i, i+1, ... ,j}) we are done 

(because all terms of the right-hand expression appear in the left-hand expression. 

Suppose that S is formed by some separated "segments") namely 
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Denote 

bI = ail + ajl+1 + ... + ah 

b2 = ah+1 + ... + ah 

241 

k 
According to the previous lemma, with the remark that L ai = L b2j+1, we conclude 

iES j=O 

because each number (bi + ... + bj ? appear in the right-hand expression. 

Problem 94. Let a, b, c be three non-negative real n'umbers. Prove that 

a 3 b3 c3 5abc ---+ + + >1. 
(a+b)3 (b+c)3 (c+a)3 (a+b)(b+c)(c+a)-

(Pham Kim Hung) 

SOLUTION. The inequality can be changed into an equivalent form as follow 

1 1 1 5 >1 
(1+x)3 + (l+y)3 + (1+Z)3 + (1+x)(1+y)(1+z) - , 

b c a 
where x = -, y = -, z = - and xyz = 1. Denote 

abc 

2 2 2 
m = 1- --,n= 1- --,p= 1- --. 

l+x l+y l+z 

Certainly m, n,p E [-1,1] and 

(1 + m)(1 + n)(1 + p) = (1- m)(I- n)(1 - p) ~ m + n + p + mnp = O. 

Our problem becomes 

eye eye 

eye eye eye eye 
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eye eye eye 

If mn + np + pm 2: 0 then LHS 2: O. Otherwise, suppose that mn + np + mp ~ 0, 

then LHS = (m + n + p)2 - (mn + np + pm) 2: o. So, in every case, we have LHS ~ O. 

Moreover, RHS = (m + n + p)(rn2 + n 2 + p2 - mn - np - pm) has the same sign as 

m + n + p, so we only need to consider t he inequality in case RHS ~ 0 or equivalently 

m + n + p 2: o. Let t = m + n + p and u = rnn + np + pm, the inequality become-s 

According to AM-GM inequality, we have 

If 1L ~ 0 then we immediately have 3 L: m 2 + 5 L: mn 2: 2 L: m 2 ~ L: m3 
- 3mnp. 

eye eye eye eye 

Otherwise, suppose that u ~ O. The inequality is also obvious if 3t - 1 .:s; 0, so it's 

enough to consider the case 3f -12: O. Replacing (**) to (*), it remains to prove that 

2t2(3 - t) + t(i - 3)(3t -1) 2: 0 ~ t(3 - t)(l- t) 2: 0 ~ t(3 - t)(l + mnp) 2: 0, 

which is also obvious because m, n, p E [-1, 1]. Notice that the equality can hold in 

(*) for m = n = p = 0 and m = n = 1,p = -1 up to permutation but the equality 

holds in the initial inequality just for a = b = c. 

COlInnent. With the same approach, we can prove the following inequality 

* Let a, b, c be three non-negative real numbers. Prove that 

a2 b2 c2 2abc 
(a+b)2 + (b+c)2 + (c+a)2 + (a+b)(b+c)(c+a) 2: 1. 

We also have another solution to this problem by Cauchy-Schwarz inequality. In

deed, it is equivalent to (after some substitutions) 

By Cauchy-Schwarz inequality, we obtain 

X4 (x2 + y2 + z2? 

~ (x2 + yz)2 2: (x2 + yz)2 + (y2 + zx)2 + (z2 + xy)2' 
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I t remains to prove that 

2X2y2z2 x2y2 + y2 z2 + z2x2 _ X4 + y4 + z4 
¢} > ~~--~--~~--~--~----~ 

(x2 + yz)(y2 + zx)(z2 + xy) - (x2 + yz)2 + (y2 + zx)2 + (z2 + xy)2 

¢} II (x
2 + yz) (L x~) + 2 L(x

2 + yz)2 > II (x
2 + yz) (L lz) . 

eye eye eye eye eye y 

After expanding and reducing similar terms, we obtain an equivalent inequality 

Rewrite this inequality in the form Sa(b - c? + Sb(C - a)2 + Sc(a - b)2 with 

a4 a3 (b3 + c3
) (b - c? a 2 

Sa = 2bc + b2c2 + 2 - 2" j 

, c4 c3 (a3 + b3
) (a - b)2 c2 

5e = 2ab + a2b2 + 2 - "2 j 
WLOG, suppose that a ~ b ~ c, then Sa, Sb ~ O. Moreover, 

We can conclude that 

L Sa(b - c)2 ~ (Sb + Se)(a - b)2 ~ O. 
eye 

Problem 95. Let a, b, c be arbitrary positive real numbers. Prove that 

(Pham Kim Hung, Le Huu Dien Khue) 

• 
SOLUTION. Rewrite the inequality in the following form 

eye eye eye eye 
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<=* 2 (2:a6 + 2:a4b2 - 22:a5b) + (2:a4b2 + 2:a4e2 - 2abe 2:a3) + 
eye eye eye eye eye eye 

+ (22: a3
b
3 

- 2: a4
b
2 

- 2: a2
b
4
) ~ (2: a4

b
2 

- 2: a4
e
2
) 

eye eye eye eye eye 

eye 

Denote M = (a-b)(b-c)(c-a). Certainly, we may assume that a ~ b ~ e and a> e 

in order to have M ~ o. We will prove this inequality using the following results 

(1) 2:(3a + 2e - b)(a - b)2 ~ 4M 
eye 

(2) 2:(l1a2 + 6e2 - b2 - 4ab)(a - b)2 ~ 8(a + b + e)M 
eye 

(3) 2:(4a3 + 2c3 
- a2b - b2a)(a - b)2 ~ (a2 + b2 + e2 + 3ab + 3be + 3ea)M 

eye 

There is an interesting relationship between these inequalities: (1) => (2) => (3). We 

will prove (1) in order to show (2) and then (3). 

The proof of (1). Certainly, it suffices to prove the inequality in the case e = 
min{a,b,e} = 0 (because if we decrease a,b,c by an arbitrary positive real number 

smaller then e then the right-hand expression of (1) is unchanged, but the left-hand 

side is decreased) . If e = 0, the condition (1) becomes 

(3a - b)(a - b)2 + (3b + 2a)b2 + (-a + 2b)a2 ~ 3ab(a - b) 

<=* 2a3 - 8a2b + 10ab2 + 2b3 ~ 0 <=* h(x) = 2x3 - 8x2 + lOx + 2 ~ 0, 
a 

where x = b. Notice that h'(x) = 2(x - 1)(3x - 5), so it's easy to conclude that 

h(x) ~ f (~) > 5 > o. 

Therefore (1) is proved. Now let us show that (1) gives (2) . 

The proof of (2) . Let a = al + t = fl (t), b ="P>1 + t = h(t), e = el + t = h(t) then 

(2) is equivalent to 

f(t) = L (l1JI (t)2 - h(t)2 - 4ft(t)h(t) + 6h(t)2) (a-b)2-8(ft(t)+ h(t)+ h(t))M ~ o. 
eye 

According to (1), we can see that 

f'(t) = 2: (18fl (t)-6h(t)+12h(t))(a-b)2-24M = 6 2:(3a-b+2e)(a-b?-24M ~ 0 
eye eye 
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so f(t) 2: f( -c) (because t ~ -c). This property shows that it suffices to consider (2) 

in the case c = 0, 
• 

This inequality is certainly true because AM-GM inequality shows that lla4 + 
30a2b2 2: 2Jl1 . 30a3b > 35a3b. Therefore (2) is proved successfully. 

The proof of(3). Similarly, according to (2) and using the same reasoning as above, 

we realize that it suffices to prove (3) in case min{a,b,c} = c = o. In this case, the 

inequality becomes 

<=> 4a5 
- lOa4b + 6a3b2 + 3a2 b3 + ab4 + 4b5 2: 0 

If 2a 2: 3b then we are done because 4a5 - lOa4 b + 6a 3b2 = 2a3 (a - b)(2a - 3b) 2: o. 
Suppose that 2a ~ 3b then 

Are this step, (3) is proved successfully. 

The proof of (*). Similarly, according to (3) and using the same reasoning, we 

may assume that c = o. The inequality becomes simple as (a 3 + b3
)2 2: 2a5b or 

g(a) = a 6 - 2a5b + 2a3b3 + b6 . It's easy to check that g'(a) 2: 0, thus g(a) 2: g(b) 2: O. 

The inequality is completely proved and the equality holds for a = b = c. 

Comment. The solution above is based on the mixing variable method. This problem 

can help us prove a very hard inequality, proposed by an anonymous, as follows 

* Let a, b, c be positive real numbers such that abc = 1. Prove that 

a bel 
b4 + 2 + c4 + 2 + a4 + 2 2: . 

To prove it, we denote a = J!.., b = :., c = ::., then by Cauchy-Schwarz inequality 
x y z 

and the previous result, we can conclude that 

a y5 y6 

2: b4 + 2 = 2: xz4 + 2xy4 = 2: xyz4 + 2xy5 
eye eye eye 

(x3 + y3 + z3)2 
> > 1. 
- xyz(x3 + y3 + z3) + 2(xy5 + yz5 + zx5) -

V 
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Problem 96. Let a, b, c, d be non-negative real numbers such that 

Prove the following inequality 

• (Pham Kim Hung) 

SOLUTION. Let m = a + b, n = c + d, x = ab and y = cd then (m + n)2 = 3( m 2 +- n 2 
-

2x - 2y) or 3(x + y) = m 2 + n2 - mn. The problem becomes 

m 2 

Now we fix m, n (as constants) and let x, y vary (as variables) such that x ~ 4' y ~ 

n 2 m 2 +n2 - mn "4 and x + y = 8 = 3 . In this case, F can be rewritten as 

Since 

is a concave flmction of x, it follows that the maximum value of f(x) is attained if an 
~ ~-~+& 

only if x = 4 (as an upper bound of x) or x = 16 (as the unique root 

of the function J'(x), if it exists). From this, the problem can be divided into two 

smaller cases 

m 2 - n 2 + 88 _m2 + n 2 + 88 
(i). The first case. If x = then y = . Let 0 = m 2 +n2 

16 16 
and {J = mn then 

We need to prove that 

{::9 7o?? 48s2 + 16so + 12{J2 

{::9 2102 ? 16(0 - {J)2 + 160(0 - (J) + 36{J2 

{::9 2102 ? 3202 
- 480{J + 52{J2 
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Notice that a - 2{3 = (m - n? 2: O. So it suffices to prove that 

13 - J48 m 13 + J48 ( ) lla:S 26J3 <=> 11(m2 + n2) <_ 26mn <=> < - < * 
11 -n- 11 

7n2 n 2 

Because x < - and II < -, we must have -4 oY- 4 

These results confirm condition (*) immediately and the proof is finished. 

m 2 4s - m 2 

(i). The semnd case. If x = - then y = ---
m 2 +4n2 -4mn W d 

12 . e nee 4 4 
to prove that 

<=> (2m - n)2( _m2 + 4mn - n2
) 2: O. 

m'2 + 4n2 - 3mn n2 

Because y = 2 < -, it follows that m 2 + n 2 < 8mn and therefore 1 - 4 -
the inequality is obviously true. The proof of this case is finished. 

We have the desired result. The equality holds for unexpected cases (a, b, c, d) A.J 

p, 1, 1, 1) or (a, b, c, d) rv (2 + J3.2 + J3,2 - J3,2 - J3) up to permutation. 

Problem 97. Let a, b, c be positive real numbers with sum 3. Prove that 

abc 3 --+ + >-. 
b2 + c c2 + (l a2 + b - 2 

(Pham Kim Hung) 

SOLUTION. After expanding, we ca.n change the inequality into 

eye eye eye eye 
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Let M = ab + be + ca and S = (a - b)(a - e)(b - c). According to the identities 

2 L a 2 b = S + 3M - 3abc ; 
eye 

eye 

2,L:ab3 =La3(b+c)-3S; 
eye 

the inequality is equivalent to 

eye eye eye 

Notice that abe(M + 3) 2: 6a2b2c2, so we need to prove that A 2: SCM - 11) where 

eye eye eye 

Represent A with the help of some squares as 

eye eye 

eye 

BE>£ause M ~ 11, we may assume that S ~ 0 and b 2: a 2: c. We will prove 

6A 2: -66S <=} 6A 2: 22(a + b + c)(a - b)(b - c)(e - a) (*) 

If min(a, b, c) = e = 0 then the problem is proved because 

6A = ,L:(12a2 + 12b2 + 10ab - 7e2) (a _ b)2 

= (12a
2 + 12b

2 + lOab)(a - b)2 + (12a 2 - 7b2)a2 + (12b2 _ 7a2)b2 

= 10a2b2 + (24a2 + 24b2 + 34ab)(a _ b)2 

41 
2: l0a

2
b

2 + 2(a
2 

- b
2

)2 ~ 2VS.41ab(b2 - a 2) > 22ab(a - b)(a + b). 

Now suppose that min(a, b, c) > O. Since (*) is homogeneous, we can dismiss the 

condition a + b + e = 3 but prove (*) for arbitrary positive numbers a, b, e. We realize 

first that if we replace a, b, c with a + t, b + t, e + t then the difference between the two 

sides is increased. Indeed, we will prove that 

L(12(a+t)2+ 12( b+t)2 + 1O(a+t)(b+t)-7( c+t)2-12(a2 +b2)-lOab+ 7c2)(a-b)2 2: 66tS, 
eye 

• 

I 
I 
I 
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which is inferred from 

L)17a + 17b - 7c)(a - b)2 ~ 33(a - b)(b - e)(e - a) (**) 
eye 

Using the same method one more time (replacing a,b,e with a + t,b + t,e + t), we 

only need to examine (**) in case min( a, b, c) = c = 0, or equivalently 

17(a + b)(a - b)2 + (17a -7b)a2 + (17b -7a)b2 ~ 22ab(b - a), 

which is obviously true because 

LHS ~ 17(a + b)(a - b)2 + 1O(a3 + b3
) ~ 2J17.1O(a + b)(a3 + b3 )(b - a) ~ RHS. 

This last step completes the proof. The equality holds for a = b = e = 1. 

Problem 98. Let a, b, c be positive real n'umbers. Prove that 

1 1 1 > 1 
(2a + b)2 + (2b+e)2 + (2c+a)2 - ab+bc+ca· 

(Pham Kim Hung) 

SOLUTION. After expanding, the inequality becomes 

L(4a5b+4a5e-12a4 b2 + 12a4e2 +5a3b3 + +8a4 be-19a3b2e+ 5a3 2b -7a2b22) ~ 0 
eye 

or 

eye syrn 

It remain.."l to prove that 

eye eye eye eye 

Using the identity 2(a - b)2(b - c)2(e - a)2 ~ 0, we infer that 

eye eye eye eye 

Finally, we have to prove that 

eye eye eye eye eye 
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This inequality can be rewritten using square 

where 

Sa = 2bc(b2 + bc + c2) + a3 (b + c) - 2abc(b + c) + 6a2bc ; 

Sb = 2ca(c2 + ca + a2) + b3
( c + a) - 2abc(c + a) + 6c2 ab ; 

Se = 2ab(a2 + ab + b2
) + c3 (a + b) - 2abc(a + b) + 6c2bc ; 

Clearly, Sa is non-negative since (applying AM-GM inequality) 

Sa ~ bc(b + c)2 + 6a2bc - 2abc(b + c) ~ 2 (J6 - 1) abc(b + c) ~ o. 

Similarly, Sb and Se are non-negative, so the inequality is completely proved, and we 

are done. The equality holds only for a = b = c. 

Problem 99. Suppose that Xl ~ X2 ~ ... ~ X!'n-l ~ X2n ~ 0 are real numbers and 

Xl + X2 + ... + X2n = 2n - 1. Find the maximum of the following expression 

(Pham Kim Hung) 

SOLUTION. Although it's very hard to solve this problem directly, we find out unex

pectedly that proving the general problem is simpler. In fact, the proposed problem 

is a direct corollary of the following general result 

* Suppose that € ~ :n is a positive constant and Xl ~ X2 ~ ... ~ X2n-l ~ X2n ~ € ~ 0 

are real numbers satisfying that Xl + X2 + ... + X2n = k = const. The expression 

attains the maximum if and only if Xl = ... = X2n-1 and X2n = €. 

We will prove this general result by the inductive method. Before performing induc

tion steps, we figure out three results (they are built deliberately, not accidentally, 

according to how the induction step progrf'..8s(>..8. 

Lemma 1. Let X ~ Y ~ z ~ t ~ 0 and y + z = 2Q1 then 
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PROOF. Let y = Q + {3 and Z = Q - {3, {3 ~ 0, then x ~ Q + {3 ~ Q - (3 ~ t. Denote 

then it's enough to prove that f'({3) ~ 0, which is clearly true because 

Lemma 2. Let x ~ y ~ Z ~ 0 and (2n -1)x + 2y = (2n + 1)')' (n EN, n ~ 2) then 

PROOF. There exists a real number (3 ~ 0 for which x = ,),+2{3 andy = ')'-(2n-1){3. 

Thus, we must have')' - (2n - 1){3 ~ z. Denote 

g({3) = (')' + 2(3)2n(')' - (2n - 1){3)2 + (')' + 2(3)2n-2(')' - (2n - 1){3)4 

+ (')' + 2,8)2n z2 -t-(')' + 2,8)2n-2(')' - (2n - 1){3)2 z2. 

Clearly g({3) = x 2n- 2(x2 + y2)(y2 + z2) and we need to prove that g'({3) ::s o. Indeed 

(in the expression of g'({3), we denote x = ')' + 2{3 and y = ')' - (2n - 1){3 for a shorter 

presentation, but we still think of them as related to the variable,),) 

g'({3) = 4nx2n-ly2 - (4n - 2)x2ny + (4n - 4)x2n- 3y4 - (8n _ 4)x2n- 2y3 

+ 4nx2n- 1z2 + (4n - 4)y2n-3x 2z2 - (4n - 2)x2n-2yz2 

Because x ~ y ~ z, we infer that 

I t suffices to prove that 

<=> 4nx2y + (2n - 2)y3 ~ (2n - 1)x3 + (4n -1)xy2 

<=> (x - y) [(2n - 1)x2 - (2n + 1)xy + (2n - 2)y2] ~ 0, 

which lS clearly true because x ~ y . This ends the proof of the second lemma. 

We also notice that lemma 2 is still true for n = 1 (the solution if n = 1 is much 

simpler than the proof for the general case n ~ 2, so I will not show it here). 

I 


